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Preface

This second volume of the mle manua systematically documents procedures, functions,
predefined variables, predefined probability density functions and other features of the language.
This part of the manual is largely devoid of explanatory material that can be found in the User’s
manual, yet incorporates details missing from the quick reference card.
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Chapter 1
| ntroduction

This chapter provides an overview of the mle programming language. Elements of the language
are given according to category. Information on using mle can be found in the User’s Manual.

A Program

The mle language is composed of a series of statements enclosed within M_E and END.

MLE <statenments> END |

mle is an interpreted language. Unlike many interpreted languages that read, parse, and execute
one statement at a time, mle reads the entire MLE ... END sequence. Following the END, and
assuming no errors have been encountered, the statements will be executed. Additional MLE ...
END programs can follow.

Statements

Statements direct the mle interpreter to do something. Statements define and assign values to
variables, control program flow, cause the program to repeatedly execute a set of statements (i.e.
loop through statements), etc.

Each statement can be thought of as a stand-alone instruction. Even so, a statement may contain
other statements within it.

An important type of statement is a procedure call. For example, the Wrl TELN(..) procedure call
is a statement onto itself. Yet, throughout this manual, procedures will be described separately
from other statements. This somewhat artificial divison makes it easier to document. All
statements are covered in one chapter, and another chapter describes all procedures.

EXxpressions

An expression is anything that, after being “evaluated” returns a value. In an assignment
statement, for example, the right-hand side is an expression. It is easiest to think of expressions
as something that can appear on the right-hand side of an assignment statement.

1
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An expression can be as simple as a number (2, 3. 14, - 9) or a boolean constant (TRUE, FALSE).
Just dlightly up on the complexity scale is a variable or predefined constant name (PI, oo,
myvari abl e).

A more complex expression is a cal to one of the many built-in functions or a call to a user-
defined function. Finally, expressions can be composed of algebraic expressions composed of
algebraic operators (+, -, *, /, etc.).

This manual contains a chapter that documents expressions. Two separate chapters document
functions. One chapter describes all simple functions. These functions have the form xxxx() or
xxxx, Where xxxx is the function name, and the parentheses enclose an argument list. Simple
functions always have a fixed number of arguments that are passed to them, and they return a
value.

Another chapter describes special functions. Special functions have a variety of different forms
and a non-uniform syntax. For example the | NTEGRATE function can have the form | NTEGRATE
<var > (<expr> <expr>) <expr> END. Variants of the integrate function have more arguments
than those shown here.

Finally, two entire chapters will be devoted to documenting the different probability density
functions built into mle. The special functions PDF, QUALTI LE, PPDF, and QPDF return values for
a specified density function. mle “knows about” many type of probability distributions, and
reference chapters document these distributions. One chapter documents continuous probability
distributions and another chapter documents discrete probability distributions.

Categorized statements, functions, procedures and predefined

variables

In this section, statements, functions, procedures and predefined variables are listed in functional
categories. Details are omitted, however. Some items are listed in multiple categories. | have
not listed all predefined variables, as some just don’'t warrant a mention.

Variable, function and procedure definitions

Satements
<var> = <expr> {sinpl e assignnment}
<var >: <type> {sinpl e decl arati on}
<var>: <type> = <expr> {sinple declaration with initialization}
<var>: <type>[i TO ] {array decl aration}
<var>:<type>[i TO ] = <expr> {array declaration with initialization}
<var>:<type>[i TOj, .] {mul tidi nensi onal array decl arati on}
<var>:<type>[i TOj, .] = <expr> { ..and with initialization}
<var>:<type>[i TO ] = [<expr> [<expr>.]] { ...with data initialization}
<var>:<type>[i TO |, .] = [[<expr> [<expr>.]1], [.] .l
PROCEDURE <nane> ... END {user-defined procedure}
PROCEDURE <nane>([var] <vari abl e>: <type>.) ...END
FUNCTI ON <nane>: <type> ... END {user-defined function}
FUNCTI ON <nane>([var] <var>: <type>..): <type> ... END

Procedures
DUMPSYMBOL ( ) DUMPTABLE

Functions
ARGCOUNT ENVSTRI NG GRAVI TATI ONALC
ARGSTRI N&( x) GETENV( x) I SANI' I NFI NI TY
ENVCOUNT EULERSC I SINFINITY

2
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Predefined variables and constants

ATOM CVASSU
AVOGADROSN
BOHRMAGNETON
BOHRRADI US
BOLTZMANNSC
EPSI LON

I NFI NI TY
LARGE_ZERO
LI GATC

MACHI NE_EPSI LON
MAXI NT
MAX_BOOLEANS

Flow control and boolean functions

Satements
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I SNEG NFI NI TY

MAX_CHARS
MAX_| NTEGERS
MAX_REALS
MAX_STRI NGS
NAN

NEG NFI NI TY
(e]0]
PARSE_ONLY
PLANCKI NV2PI
PLANCKSC
PROGRAM NANE
RELEASE

REVI SI ON
RYDBERGC
SQRT_EPSI LON
SYMBOLI CI NFI N
SYSTEM

TI TLE

UNI VERSALGASC
VERBOSE

VERSI ON

DEBUG
DEBUG_PARSE
DEBUG_SYM

BEG N <st at enent s> END

BREAK

CONTI NUE
EXIT

FOR <var> =
FOR <var> =
FOR <var> =
FOR <var> =

<expr> TO <expr> DO <st at ement s> END

<expr> TO <expr> STEP <expr> DO <st atenment s> END
<expr> TO <expr> STEPS <i expr> DO <st at ement s> END
<array> DO <st at ement s> END

| F <bexpr> THEN <st at enment s>
[ ELSEI F <bexpr> THEN <st at ement s>..]
[ ELSE <st at enent s>]

END

<Procedure call >
REPEAT <st at enent s> UNTI L <bexpr>
WHI LE <bexpr> DO <st at ement s> END

HALT

Soecial functions

| F <bexpr> THEN <expr > [ ELSElI F <bexpr> THEN <expr>.] ELSE <expr> END
POSTASSI GN <expr> <st at ement > END
PREASSI GN <st at enent > <expr> END

Smple functions

Smple functions

Satements

DATA

File and data set operations

<var> [FIELD i [LINE j]] [= <expr>] [DROPIF <expr> | KEEPIF <expr> .]

END

ANDF(X, ) I SI NFI NI TY( x) | SNEG NFI NI TY( x)
I SANI NFI NI TY( x) I SLE(x, y) | SODD( x)
I SEQ X, V) I SLT(x, V) NOTF( x)
| SEVEN( x) I SNAN( x) ORF(X, Y)
I SGE(x, V) I SNE(x, V) XORF( X, Y)
I SGT(x, ) I SNEAR(X, b, d)
Predefined variables and constants
D_I DX LI NE_NUMB
FALSE TRUE
L ogical (bitwise) functions
ANDF( x, V) ORF(X, V) SHI FTRI GHT( x, Y)
NOTF( x) SHI FTLEFT(x, ) XORF(X, V)
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Procedures
CHDI R( nane) EXEC(s, s) OPENVRI TE(f, x2)
CLOSE(f) FLUSH(f) OUTFI LE( <namest r >)
DATAFI LE( narne) MKDI R( nane) PLOTFI LE( <nanest r >)
DATATOARRAY( X1, X2, .) OPENAPPEND(f, nane) RENAME( nanel, name2)
ERASE( nane) OPENREAD( f, nane) RMDI R( nane)

Smple functions
DEFAL UL TOUTNANME EXEC(s, s) FI LESI ZE( x)
DEFAULTPLOTNAME EXI STS(s) GETDI R

Soecial functions
DATA [FORM = SUMLL | SUM MATION] | PROD[UCT]] <expr> END
LEVEL <bexpr> THEN [ FORM = SUMLL | SUM MATION] | PROD[ UCT]] <expr> END
LEVELDELTA <expr> THEN [ FORM = SUMLL | SUM MATION] | PROD[ UCT]] <expr> END

Predefined variables and constants

CREATE_OBS
D_I DX

DATADELI M TERS
DATAFI LE
DEBUG_DATA
DROPPED_OBS
FDATA

Input and output oper ations

Procedures
PRI NT(x1, x2,.)
PRI NTLN(x1, x2,.)
READ([f,] x1, x2,.)
Smple functions
EOF(f)
Predefined variables and constants

COWPLEXDECI VALS
COVPLEXW DTH
DATADELI M TERS
DATAFI LENAMVE
QUTFI LENAMVE

String conversion

Smple functions

BOOL2STR( x)
CHR( x)
CONCAT(x1, x2)

| NT2STR( x)
LEFTSTRI NG x, y)
ORD( c)

Date and time oper ations

Procedures
GETDATE(y [m[d]])

Smple functions

DWTQI(Xx, vy, z)
JULI AND( x)
JULI ANM x)

Predefined variables and constants
SECONDSPERDAY

General math functions

Procedures
DEC( x)

FOUTFI LE
FOUTPUT

FPLOT
FPLOTDATA

| NPUT_SKI P

LI NES_PER OBS
MLEFI LEBASE

READLN([f,] x1, x2,.)
WRITE([f,] x1, x2,.)
WRI TELN([f,] x1, x2,.)

EOLN(f)

PRI NT_COUNTS
PRI NT_DATA_STATS
PRI NT_FI ELDS

PRI NT_OBS
READDEL| M TERS

REAL2STR(X, |, s)
Rl GHTSTRI NG(X, )
STRI NG2I NT(s)

STRI NG2REAL( s)
STRI NGLEN( x)
SUBSTRI NG(X, Y, z)

N_OBS
N_VARS

OUTFI LENAVE
TOTAL_OBS

WRI TEPLOT(x1, X2, .)

WRI TEPLOTLN( x1,

PUT( x)

REALDECI MALS
REALW DTH
SYMBOLI CI NFI N
WRI TEDELI M TER

TOBASE( x)
TOLOAER( x)
TOUPPER( x)
TRI M x)

TRI M.(X)
TR MR(X)

GETTIME(h [m[s [s100]]])

JULI ANY( x)
LEAPYEAR( y)
LUNARPHASE(j )

I NC( x)

MONTHDAYS(m  y)
VEEKDAY( x)
YEARDAY( x)
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Soecial functions

DERI VATI VE [ (<expr>)] <var> = <expr> [<expr> [<expr>]] END {nunerical derivative}

FI NDM N <var> (<expr> <expr> [<expr> [<expr> [<expr>]]]) <expr> END {find m ni mum of function}
FI NDZERO <var > (<expr> <expr> [<expr> [<expr> [<expr>]]]) <expr> END {find zero of function}

| NTEGRATE <var > (<expr> <expr> [<expr>]) <expr> END {nunerical integration}
PRODUCT <var > (<expr> <expr> [<expr>]) <expr> END {Product of a series}
SUMVATI ON <var > (<expr> <expr> [<expr>]) <expr> END {Sum of a series}

Smple functions

ABS( x) IDIV(x, ) MULTI PLY( X, V)
ADD( x, y) I M x) NEGATE( x)
ARE( x) I NC( x) POVER( x, V)
CEl L(x) I NT( x) RE( x)
COMP( x) I NVERT( x) REMAI NDER( x, Y)
COWPN(x, n) LCM x, y) ROOT(x, V)
DEC( x) LN( x) ROUND( x)
DELTA(X, V) LOE( x) SGN\( x)
DI VI DE(x, V) LOGL0O( x) SIGN(x, vY)
EXP( x) LOGBASE( x, VY) SQR( x)
FLOOR( x) MAX( X, V) SQRT( x)
FRAC( x) M N(x, V) SUBTRACT( x, V)
GCF(x, V) MX(p, X, VY) TRUNC( x)
HEAVI S| DE( x) MODULQ( x, Y)

Predefined variables and constants
E | _TRAP_CLGSED LNI NFI NI TY
FI ND_EPS | _TRAP_OPEN LOG 10
FI ND_MAXI TER | NTEGRATE_METHCD Pl
| _AQUAD | NTEGRATE_N
| _SI MPSON | NTEGRATE_TOL

Trigonometric functions

Smple functions

ARCCOS( x) ARCSI N( x) CSCH( x)
ARCCOSH( x) ARCSI NH( x) SEC( X)
ARCCOT( x) ARCTAN( x) SECH( x)
ARCCOTH( x) ARCTANH( x) SI N(x)
ARCCSC( x) COS( X) SI NH( x)
ARCCSCH( x) COSH( x) TAN( x)
ARCSEC( x) COT( ) TANH( x)
ARCSECH( x) COTH( x)
Predefined variables and constants
Pl DEGREESPERRADI AN RADI ANSPERDEGREE

Coordinate system conversions

Smple functions

DMSTOD( X, Yy, z) RECTTOSPHEREAL( X, Yy, Z)
DMSTOR( X, VY, z) RECTTOSPHEREA2( X, Yy, Z)
DTOR( x) RECTTOSPHERER( x, Yy, z)
EARTHDI ST(x1 x2 x3 x4) RTOD( x)

POLARTORECTX(r, a) SPHERETORECTX(r, al, a2)
POLARTORECTY(r, a) SPHERETORECTY(r, al, a2)
RECTTOPCLARA( X, YY) SPHERETORECTZ(r, al, a2)

RECTTOPOLARR( X, Y)

Predefined variables and constants
DEGREESPERRADI AN RADI ANSPERDEGREE

Probability and Statistics

Satements

MODEL
<expr> {the likelihood}
RUN [ THEN <statements> END ]
FULL [ THEN <statements> END ]
| REDUCE <par ammame>=<expr > [ <par ammame>=<expr>.] [ THEN <stat ements> END ]
| WTH <paramanme> .[ THEN <statenents> END ]
| WTH [ <parammane> | (<paramane>..) .] ...[ THEN <statements> END ]

5
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END
Procedures
PTRANSFORM <var 1>, <var 2>, <expr>)
SEED( x)

Soecial functions

PARAM <var > [ H GH=<expr >] . [ LOM<expr>] [ START=<expr>] [ TEST=<expr >]
[ FORME<par anf or mp]
[ COVAR <expr> <expr> . . . ]

END

QUANTI LE <PDF name> (<expr> [<expr> [<expr>]])

<expr> <expr> ...

[ HAZARD COVAR <var > <expr> [ COVAR <var > <expr>.]]

END

QDF <PDF nane>(<q_expr> [ <expr>,
QPDF <PDF nane>(<q_expr> [ <expr >,

PDF <PDF name> (<expr> <expr> ... )

<expr> <expr> ...

<expr>]) <expr> <expr>...END
<expr>]) <expr> <expr>...END

[ HAZARD COVAR <var > <expr> [ COVAR <var > <expr>.]]

END

Smple functions

BETA(n, w) GAMVA( x) LNGAMVA( x)
BESSELI (x, ) | BETA(p, n, w) LOG STI ¢(x)
BESSELJ(x, ) | BETAC((p, h, W) LOG T(x)

BESSELK(X, V)
BESSELY(X, V)

PERMUTATI ONS( X, y)
RAND

COVB(x, ) | GAMMAE( X1, x2) RRAND(x, y)
ERFC( x) I NVNORMAL ( p) STANDARDI ZE(x, m s)
FACT( x) | RAND( X, y) ZETA( x)
FI SHER( x) LNFACT( x)
FI SHERI NV( x)

Predefined variables and constants
Al C_SELECT EVALS PRI NT_SE
Al CC_SELECT EXP_HAZARD PRI NT_SHORT
ALT_LCG STI C FREE_PARAMS PRI NT_VCV
ANNEALI NG H GH_DEFAULT RANDOM_SEED
Bl C_SELECT | C_SAMPLE_SI ZE READSTARTFI LE
BRENT | TS I NFO_METHOD1 SA_ADJ_CYCLES
BRENT_MAG C I NFO_METHOD2 SA_ADJ_LONERBOUND
CGRADI ENT1 | TERATI ON_PRI NT SA_ALT_ADJUSTMENT
CGRADI ENT2 | TERATI ONS SA_COOLI NG
Cl _CHI SQ LARGEST_LI KELI HOOD SA_EPS_NUMBER
Cl _CONVERGE LARGEST_LLI KELI HOCD SA_STEPLENGTH
Cl _EVALS LOGLI KELI HOOD SA_STEPLENGTH_ADJ
Cl _LIMT_DELTA LOW DEFAULT SA_STEPS
Cl _MAXI TS MAXEVALS SA_TEMPERATURE
CONVERGENCE MAXI TER SI MPLEX
DEBUG | NT METHOD SI MPLEX_ALPHA
DEBUG LI K VETHOD_LOOP SI MPLEX_BETA
DELTA LL M N_SI GNI FI CANT SI MPLEX_GAMVA
DI FF_DX M N MUM_I TS SMALLEST_LI KELI HOOD
DI RECT NEWION SMALLEST_LLI KELI HOOD
DI ST_DX_SCALE NOTSI NGULAR SMALLEST_NUMBER
DI ST_T_END POVNELL START_DEFAULT
DIST TN PRI NT_BASI C SURFACE_POl NTS
DI ST_T_START PRI NT_Cl TEST_DEFAULT
DX_MAXI TS PRI NT_DI STS VCV_EVALS
DX_START PRI NT_FREE_PARANS VCV_W DTH
DX_TOOBI G PRI NT_I NFO WRI TESTARTFI LE
DX_TOOSMALL PRI NT_LLI KS

Graphing

Satements
CURVE [KEY <string> | WTH <string> | AXES <string>.]

<ivar> = <iexpr> TO <i expr> | <rvar> (<expr>, <expr> [<iexpr>])

6
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<expr> <expr> [<expr>.] [<string>.]
END
MULTI PLOT <st at enent s> END
PLOT <statenments> END

Procedures
FI NI SHPLOT( x) WRI TEPLOT(x1, x2,.)
PLOTFI LE( <name>) WRI TEPLOTLN(x1, X2, .)

Smple functions
DEFAUL TPLOTNANE

Predefined variables and constants
FPLOT | NTERMPLOT PLOT_DI STS
FPLOTDATA MPLOTXSCALE PLOTFI LENAME
GNUPLOT MPLOTYSCALE PLOTINI T
GNUPLOTI NI T MULTI PLOTI NI T PLOTPOI NTS
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Chapter 2
EXpressions

This chapter serves as areference for basic expressions and operatorsin mle. The
chapter begins with an introduction to the elements used in expressions:
Identifiers, functions and operators. A complete

| ntr oduction

|dentifiers

This chapter describes expressions in the mle programming language. The
general purpose of an expression isto "return” some value. Expressions are used
for calculations of all types. In mle, expressions result in a value that is type
REAL, COVPLEX, | NTEGER, STRI NG CHAR, Or BOOLEAN.

A very simple type of expression is a constant or a variable. New variables can
be defined in a program. Additionally, mle predefines a number of built-in
variables and constants. Some predefined variables allow you to change and
fine-tune the behavior of mle. A later chapter discusses many of those variables.
Some constants arise frequently in numerical work, and are predefined for
convenience.

Simple functions

Several classes of functions are supported by mle. The first is simple functions,
like SIN(), EXP(), SUBTRACT(), RAND, etc. These are caled simple functions
because their format includes a keyword (e.g. sIN) and a list of zero or more
arguments. If the function takes arguments, they are enclosed in a list of
parenthesis. For example, M X(p, partl, part2). Here are some examples of
simple functions used in assignment statements:

O N X

FACT(4) {eval uates to 24}

SQRT(44.5) {eval uates to 6.6708...}

BETA(1.2, 9*3/10 + 1) {evaluates to 0.185...}

RAND {evaluates to a random nunber fromO to 1}

The built-in functions are described in detail in alater chapter.
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Special functions

Another class of functions has a more complicated syntax. These functions begin
with a keyword and end with an END. Compound functions require a more
complicated set of arguments or require a variable number of parameters. For
example, thelF ... THEN ... ELSEIF ... THEN ... ELSE ... ENDfunction
can take on an unlimited number of ELSEI F. .. THEN clauses. Likewise, the PDF
function requires that some predefined probability density function be named,
followed by a parenthesis-enclosed list of "time" arguments, followed by alist of
zero or more intrinsic parameters, sometimes followed by a HAZARD clause before
the closing END.

A reference for all compound functionsis given later in this chapter.

Algebraic operators

Variable Types

Expressions can be constructed from algebraic operators like +, /, XOR
Algebraic operators take one or two operands, perform some operation, and
return a result. The result can be a number, boolean, string or logical value.
Algebraic operators differ from functions in the way the take arguments. They
are used in an algebraic format like (a + b/ c)~2 instead of having arguments
specifiedinalist such asacal to ni n(x, b).

Algebraic expressions are expressions created using a series of special operators.
The operators include algebraic symbols like +, —, *, /, ~, a series of agebraic
keywords for integer operations,. DI v, MDD, SHL, SHR. A list of all operators is
given below.

There is a smple function that corresponds to each of the algebraic operators
listed below. For example, the expression 1 + Pl *r~2 istrandated by mle to a
series of simple function calls; ADD(1, MULTI PLY(PI, POAER(r, 2))).

There are seven different types supported by mle: REAL, | NTEGER, COVPLEX,
BOOLEAN, STRI NG, CHAR (character), and FI LE.

A variabl€'s type refers to the domain of values that the variable can take on. For
example, | NTEGER variables can take on a limited range of integer values,
BOOLEAN variables can only take on the values TRUE and FALSE. Variables can be
defined for each of the seven types and expressions always take on one of these
types. Hereisan explanation of each:

Real variables represent the continuous real number line.  Many
mathematical functions like SIN(), EXP(), and BESSELI () return real
values, and so the variable to which these functions are assigned must be
type REAL aswell. Integer variables and functions can always be assigned to
real variables—they are automatically converted to real values on
assignment. Integer variables, on the other hand, must use the ROUND() or
TRUNC() functionsto convert areal number to an integer value.

10
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Integer variables take on whole number values over a machine-dependent
range of numbers. For most versions of mle this range is [-2,147,483,648 to
2,147,483,647]. Arguments to some functions require |1 NTEGER type
variables, like 1Dl V().

Complex variables include a real number part and an imaginary part.
Complex numbers are specified by expressionssuchas 1.2 + 0.4i . Most
mathematical functions are defined for complex types. For example,
SQRT(-1 + 0i) returns 0.000+1.000i . There is no natura ordering for
complex variables, so that the comparisons <, <=, >, and >= are undefined.

Boolean variables take on one of two states: TRUE or FALSE. No other value
is allowed or recognized. Boolean expressions are frequently used to test
conditions. For example the I F. .. THEN. . . ELSE. . . END function evaluates
the first expression (between the |1 F and THEN) to either TRUE or FALSE and
decides which of the remaining two expressions will be evaluated and
returned.

String variables hold a sequence of character constants. A string written as
a constant is a sequence of characters, enclosed within quotes (). The
single quote character () can be used as well for strings greater than one
character. String variables are typically used to assign file names, titles, etc.
Some functions take on string (or character) variables, other functions return
strings. For example, the coNcAT(s1, s2) function will add together two
string variables and return it as alonger string.

Character variables take on the value of a single character. When written as
a constant in a program, character constants consist of a single character
enclosed within single quotes ('). Character constants are not typically used
within a user's program, but are available if needed. Usually, character
constants and variables can be used anywhere string variables are alowed.

Filevariables are used to reference files. Most of the time, file variables are
transparent, and you need not explicitly define or manipulate file variables.
This is because mle defines and does the bookkeeping for the data file, the
output file, the plot file, and the screen (or standard output) file. File
variables can be created should you wish to create and manipulate other
files.

When a variable is first used in an assignment statement, its type will be
determined by the type returned from the expression on the right-hand side. Here
are some examplesto illustrate the point:

| arge_dat a
subtitle
ni ne

five

N_OBS > 5000 {large_data will be type BOOLEAN}
"Anal ysis: " + DEFAULTOUTNAME {subtitle will be type STRI NG
3* 3.0 {nine will be REAL}

2+ 3 {five will be | NTEGER}

You can explicitly define the type for a variable when it is first referenced in an
assignment statement. Here are some examples:

11
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c: STRI NG
ni ne: REAL
t : BOOLEAN
ang: REAL = SIN(2*pi) {ang is explicitly declared as real; this is the default}

" x' {c would default to CHAR but instead will be a STRI NG vari abl e}
3 * 3 {nine would default to INTEGER, but will be a REAL variabl e}
TRUE {t is explicitly declared as Boolean; this is the default}

Expressions

Algebraic Expressions

Algebraic expressions have many usesin mle. For example, the right hand side of
an assignment statement takes an expression. The likelihood specified in the
MODEL statement is an expression. The right-hand sides of the following
assignment statements are valid expressions:

n
n
n
i
i

2*3

(HOURS/ 60) ~2
12.5*first - 10*second
mask SHL 4

23 DIV 4

Boolean Expressions

Boolean expressions evaluate to either TRUE or FALSE. The operators for creating
boolean expressions are >, <, >=, <=, ==, =, <>, and boolean keywords, AND, OR,
XOR, and NoT and some simple functions. These operators are used in the same
way as they are in many other programming languages. Notice that the ==
operator can be used in place of = for boolean expressions. The right-hand sides
of the following assignment statements are examples of boolean expressions:

b
b
b

FALSE
a <> 42"2

(a <> 12) AND (a >= 0)

Logical Expressions

The difference between boolean and logical expressions is that boolean
expressions work with the values TRUE and FALSE only, whereas logical
expressions work with bits. For example, NOT TRUE is equal to FALSE; but NOT
767 isequal to - 768. How does this work? The number 767 is represented by
the computer as the binary sequence 00000000000000000000001011111111.
The logical Nor operator flips al 1s to Os and Os to 1s, so that the number
becomes 11111111111111111111110100000000. The first (left most) bit denotes
anegative value, so the valueis—768. Thelogical AND, OR, and XOR functions act
bit-by-bit, as well. Thus, the binary values 2x101101 AND 2X111000 (which is
the same as 45 AND 56) evaluates to 40 (or 2X101000). The sHL and SHR
operators shift bits to the left and right. So, 2x000111 SHL 3 (i.e. 7 SHL 3)
evaluates to 56 (or 2X111000) .

You might wonder how mle decides whether an operator is boolean or logical.
The answer is simple: if both operands are boolean types, the operator will be
boolean. If both operands are integers, the operator will be logical. If one
operator is boolean and one is logical, an error will result. For the expression ( x
>= 4) OR (y <= 2),each of the expressionsin parenthesis will evaluate to TRUE
Or FALSE, 0 that the or will be a boolean operator.

12
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Operator reference

- (uniary negation)
Returns:
Constraints:

Examples:

Range:

See also:

+ (uniary positive)
Returns:
Constraints:

Examples:

Range:

See als0;

~ (power function)
Returns:

Constraints:

Examples:

Notes:

-X
X isan integer, real or complex expression.
- 2 returns -2

--2returns 2

- 3. 0 returns -3.0000

- (3+0i ) returns -3.0000+0.00000i

Returns a real value for real x, an integer value for integer x, and a
complex vaue for a complex arguments.

function NEGATE, +

X
X isan integer, real or complex expression.
+2 returns -2

+- 2 returns -2

Returns a real value for real x, an integer value for integer x, and a
complex vaue for a complex arguments.

function NEGATE, -

xY, that is x raised to they power.

x and y are integer, real or complex expressions. If x <0 then y must
have no fractional part (FRAC(y) must be 0)

2. 073 returns 8.0

2.07-3 returns 0.125
(-2.0)~3 returns-8.0
(-2.0)~-3 returns-0.125
2.070.5 returns 1.414213562
(-2.0)~0.5 returnsan error
(2+3i) "2 returns -5.0+12.0i
270 returns 1.0

070 returns 1.0

Exponentiation of large or small numeric values can cause floating
point overflow or underflow. Such overflows are not currently
handled in an elegant way.

13



Range:

See als0;

* (multiplication)

Returns:
Constraints:

Examples:

Range:

Notes:

See als0;

/ (division)

D v

Returns:
Constraints:

Examples:

Range:

Notes:

See als0;

Returns:
Constraints:

Examples:

Range:
See also:
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Returns areal value for real and integer x and a complex value for a
complex arguments.

functions PONER, ROOT, SQR, SORT

x*y, x multiply by y.

x and y areinteger, real or complex expressions.
2.0*3.0returns 6.0

2.0%*-3 returns—6.0

-2.0*3 returns—6.0

-2.0*-3 returns 6.0

Returns a real value for real X, an integer value for integer x, and a
complex vaue for a complex arguments.

Multiplication of large real or complex values can cause floating
point overflow; multiplication of very small real or complex values
can cause floating point underflow. Multiplication of very large
integer values can cause integer overflow. Such overflows are not
currently handled in an elegant way.

functions MULTI PLY, DI VI DE; operators/ , *

xly, x divided by y.

y1 0. xandy areinteger, real or complex expressions.
4.0/2.0returns 2.0

2.0/-4.0 returns—0.5

Returns a real value for real or integer x and a complex value for a
complex arguments.

Division of large or small real or complex values can cause floating
point overflow or underflow. Such overflows are not currently
handled in an elegant way.

functions DI VI DE, MULTI PLY, | DI V, MODULC; operators DI V, MOD, *

The integer value of x/y.

y1 0. xandy areinteger expressions.
4 DIV 2returns2

2 DV 4 retunsO

Returns an integer value.

functions DI VI DE, | DI V, MODULO; operators/ , MoD

14



AND

SHL

SHR

Returns:

Constraints

Examples:

Range:
See also:

Returns:

Constraints

Examples:

Range:

See als0;

Returns:

Constraints

Examples:

Range:
See also:

Returns:

Constraints

Examples:

Range:
See also:

+ (addition)

Returns:
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The integer value of x modulo y. The MOD operator returns x1 —
y*FLOOR(x/y) (y ! O, otherwise 0).

y1 0. xandy must be integers
4 MOD 2 returns O

2 MDD 4 returnsO

Returns an integer value.

functions DI VI DE, | DI V, MODULO, REMAI NDER; operators/, DI V

The boolean or logical AND function.

For a boolean AND, both operands must be type boolean. For the
logical AND, both operands must be type integer

TRUE AND FALSE returns FALSE
143 AND 327 returns 67

Returns a boolean for boolean operands, returns an integer for
integer operands value.

function ANDF; operators OR, XOR

Logica (bitwise) shift to the left; SH FTLEFT(x, y) Bitsare shifted
away from the right (least significant) to the left (most significant).
Bits can be shifted off of the left end of the integer.

Operands must be type integer
2 SHL 10 returns 2048

2X100 SHL 2 returns 16

MAXI NT SHL 1 returns—2.
Returns an integer value.

function SHI FTLEFT, SHI FTRI GHT; operators SHR

Logical (bitwise) shift to the right; SH FTRI GHT(x, y) Bits are
shifted away from the left (most significant) to the right (least
significant). Bits can be shifted off of the right end of the integer.

Operands must be type integer
2048 SHR 10 returns 2

2 SHR 2returnsO

Returns an integer value.

function SHI FTRI GHT, SHI FTLEFT; operators SHL

The sum of x and y. ADD( x, V)

15



Constraints:

Examples:

Range:

Notes:

See als0;

- (subtraction)

XOR

Returns:
Constraints:

Examples:

Range:

Notes:

See als0;

Returns:
Constraints

Examples:

Range:

See als0;

Returns:
Constraints

Examples:
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x and y are integer, real, complex, or string expressions.
4.0 + 2.0returns 6.0

2 + -4 returns -2

(3+2i) + (4+3i) returns 7.0 + 5.0i

"Car" + "pet" returnsthe string “ Carpet”

For numeric operands, returns an integer if both operands are integer.
Returns a complex if any operand is complex, otherwise returns a
real if any operand is a real. Returns a string for string operands.
Numeric and string operands cannot be combined.

Addition of large numbers can cause overflows. Such overflows are
not currently handled in an elegant way.

functions ADD, CONCAT, SUBTRACT; operators -

The difference X minusy. SUBTRACT(x, V)

x and y are integer, real, or complex expressions.
4.0 - 2.0returns2.0

2 - -4returns?2

(3+2i) - (4+3i) returns-1.0 - 1.0i

Returns an integer if both operands are integer. Returns a complex if
any operand is complex, otherwise returns area if any operand is a
real.

Subtraction can cause overflows. Such overflows are not currently
handled in an elegant way.

functions SUBTRACT, ADD; operators +

The boolean or logical OR function; ORF(x, y)

For a boolean OR, both operands must be type boolean. For the
logical OR, both operands must be type integer

TRUE OR FALSE returns TRUE
143 OR 247 returns 255

Returns a boolean for boolean operands, returns an integer for
integer operands value.

function ORF; operators XOR, AND

The boolean or logical exclusive OR function, XORF(x, v).

For a boolean XOR, both operands must be type boolean. For the
logical XOR, both operands must be type integer

TRUE XOR FALSE returns TRUE

16



Range:

See also:
==or = (isequal)
Returns:

Constraints

Examples:

Range:

See also:
<> (isnot equal)

Returns:

Constraints

Examples:

Range:
See also:

< (isless than)
Returns:
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TRUE XOR TRUE returns FALSE
143 XOR 247 returns 120

Returns a boolean for boolean operands, returns an integer for
integer operands value.

function XORF; operators OR, AND

A boolean indicating the equality of the operands; the | SEQ(x, V)
function.

Operands can be complex, real, integer, boolean or string. Numeric
types can be mixed, and will be converted to the highest type.

3 == 2 returns FALSE

3 == 3retuns TRUE

3 == 3.0returns TRUE

3 == (3.0 + 0i) returns TRUE

"a' == "'a' returns TRUE
"a' == 'ab' returns FALSE
"a' == "'A returns FALSE

Returns a boolean.

function | SEQ, operators <>, <= >=, <, >

A boolean indicating nonequality of the operands; the I SNE(x, )
function.

Operands can be complex, real, integer, boolean or string. Numeric
types can be mixed, and will be converted to the highest type.

3 <> 2 returns TRUE

3 <> 3returns FALSE

3 <> 3.0 returns FALSE

3 <> (3.0 + 0i) returnsFALSE
"a' <> 'a' returns FALSE

"a' <> 'ab' returns TRUE

"a' <> 'A returns TRUE
Returns a boolean.

function | SNE, | SEQ, operators =, <= >=, <, >

A boolean indicating equality of the operands; the 1SLT(x, V)
function.

17



Constraints

Examples:

Range:

See also:
> (isgreater than)

Returns:

Constraints

Examples:

Range:
See also:

<= (islessthan or equal t0)

Returns:

Constraints

Examples:
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Operands can be real, integer, boolean or string. Numeric types can
be mixed, and will be converted to the highest type. Note that this
function is undefined for complex numbers.

3 < 2 returns FALSE

3 returns FALSE

3 returns TRUE

3. 0 returns TRUE

"a' < 'b' returns TRUE
"a' < 'A returns FALSE
Returns a boolean.

N

N

3
2
2

N

function | SLT, I SLE, | SGT, | SGE; operators <=, >, >=, =, <>

A boolean indicating equality of the operands; the 1SGT(x, v)
function.

Operands can be real, integer, boolean or string. Numeric types can
be mixed, and will be converted to the highest type. Note that this
function is undefined for complex numbers.

3 > 2 returns TRUE

3 > 3returns FALSE

2 > 3returns FALSE
3.0 > 2returns TRUE
"b' > 'a' returns TRUE
"A > 'a returns FALSE
Returns a boolean.

function | SGT, I SLT, | SLE, | SGE; operators <=, <, >=, =, <>

A boolean indicating equality of the operands; the 1SLE(x, vY)
function.

Operands can be real, integer, boolean or string. Numeric types can
be mixed, and will be converted to the highest type. Note that this
function is undefined for complex numbers.

3 <= 2 returns FALSE

3 <= 3returns TRUE

2 <= 3returns TRUE

2 <= 3.0returns TRUE
"a' <="'b' returnsTRUE
"a' <= 'A returns FALSE

18
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Range: Returns a boolean.
See also: function | SLE, | SLT, | SGT, | SGE; operators <, >, >=, =, <>
>= (isgreater than or equal to)
Returns: A boolean indicating equality of the operands; the 1SGE(x, )
function.
Constraints Operands can be real, integer, boolean or string. Numeric types can

be mixed, and will be converted to the highest type. Note that this
function is undefined for complex numbers.

Examples: 3 >= 2 returns TRUE
3 >= 3returns TRUE
2 >= 3returns FALSE
3.0 >= 2returns TRUE
"b' >='a' returns TRUE
A >='a' returns FALSE
Range: Returns a boolean.

See also: function | SGE, | SGT, | SLT, | SLE; operators >, <=, <, =, <>

Operator precedence

An important consideration when using algebraic operators is the relative precedence with which
operations are performed. For example, the expression 10 + 20 DI Vv 5 could reasonably give the
result 6 (if operations are performed left to right) or 14 (if DI v has precedence over +). mle, like
most programming languages, defines a precedence among algebraic operators that corresponds
to ordinary mathematical usage. Table 1 shows the operator precedence for mle. Higher
precedence operators will always be evaluated before lower precedence operators. Thus, the
expression - 272 returns - 4, not 4 (because exponentiation has precedence over negation). Of
course, parentheses can be used to override operator precedence, so that (- 2) 22 returns 4.

Table 1. Operator precedence.

Operator(s) Precedence Category

n high Exponent operator

- + not Uniary operators

* [ div nmod and shl shr Multiplying operators
+ - or xor Adding operators

= (or ==) <> < > <= >= low Relational operators
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Chapter 3
Number formats

There are a remarkable number of ways one can express numbers. They take the
form of dates, times, fractions, real numbers, integers, numbers in aternative
bases, and they can take on a variety of suffices. mle tries to accommodate the
most common types of number formats (and a few odd ones as well). This
chapter describes formats for numbers permitted in mle.

Notation

The following notation is used for this section of the manual:

d isastrings of one or more positive digits

sisaone or two character case-sensitive metric or percent suffix
visastring of one or more Roman numeral digits {1VXLCDM}
y isastring of one or more characters

mmmi s a 3-character English month name (jan, Feb, MAR, etc)

The degree (°) and micro (n) characters are available on some hardware platforms.
On DOS/Windows platforms, these characters are ASCII codes 230 and 248
respectively. The characters are available by holding down the <ALT> key and
type the code on the numeric keypad.

Number format reference

Integer
Format: d, astring of integers
Constraints: Integers on current versions are 32 bits, and range from -2147483647
to 2147483647. The constant Maxi NT specifies the maximum integer
possible.
Example: 200 corresponds to the integer 200.
Range: Resultsin an integer
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Real
Format:

Constraints:

Example:

Range:
Exponential format

Format:

Constraints:

Examples:

Range:
Suffices
Format:

Constraints:

Examples:
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dd, d.

Real numbers on current versions are 64 bits, and range from
-5.949" 10°* t0 5.949" 10",

3.1415, 3.
Resultsin area 64 bit real number.

dEd, dE-d, d.dEd, d.dE-d, d.Ed, d.E-d. xEy istaken to area number
asx’ 10

Rea numbers on current versions are 64 bits, and range from
-5.949" 10°* t0 5.949" 10",

3e23 returns 3.0E23

511E-10 returns 5.11E-8
31.416e-1 returns 3.1416

7.0E-10 returns 7.1E-10

12.e-6 returns 0.000012

1.45E-3 returns 0.00145

1.0EO returns 1.0

Resultsin areal 64 bit real number.

ds, -ds, d.ds, -d.ds provides for numbers with modifying suffices. A
suffix can be appended to any integer, real or exponential format
number.

The constraints depend on the final type (integer or real)
14% returns 0.14

23.7M returns 23700000.0

45.7dareturns 457.0

2n returns 2.000E-0009

2.418E returns 2.418E+0018
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Notes: The following table lists possible suffices.

Suffix Name Conversion Suffix Name Conversion Suffix Name Conversion
da deka “10 d deci “107 Ki kibi © 20
h hecto C10? c, % centi, percent 1102 Mi mebi e
k kilo “10° m milli 1108 Gi gibi i
M mega 10° mu micro - 10° Ti tebi i
G giga " 10° n nano “10° Pi pebi i
T tera © 102 p pico c10"2 Ei exbi 2%
P peta ©10® f femto “10%

E exa “10% a atto “10™
z zetta c10* z zepto “10%
Y yotta ©10% y yocto c10%

Roman format
Format:

Constraints:

Examples:

Range:
Base 2 to 36 format
Format:

Constraints:

Examples:

Range:
Fractions
Format:

Constraints:

Examples:

Range:

ORv

v must be in the set of Roman digits; IVXLCDM
ORXLVII returns 47

OrMXV1 returns 1016

Ormdclxvi returns 1666

Returns a 32 bit integer

dXy. Specifiesyinbased (from 2 to 36)

d must be 2 to 36. y can contain any digit in the specified base from
from 0-9, A-Z

2x1001 (binary) returns 9

8X 3270 (octal) returns 1720
16xA4CC (hex) returns 42188
32x3vgédh (base 32) returns 4188305
Returns a 32 bit integer

d d/d

The three numbers that make up the fraction must be integers
12 5/16 returns 12.3125

3 2/3returns 3.6...

0_1/7 returns 0.1428571428571

-4_1/16 returns —4.0625

Returns area number
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24 hour time format
Format:

Constraints:

Examples:

Range:
12 hour time format
Format:

Constraints:

Examples:

Range:

Hour -minute-second format

Format:

Constraints:

Examples:

Range:
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d:d:d, d:d:d.d, d:d, d:d.d. Specifiestime in a 24 hour format.

Hours must be an integer from 0 to 24, minutes can be integer or real
(without seconds) in the range 0 to 60. Seconds can be real or
integer in the range O to 60.

10:42 returns 10.7

14:55:32 returns 14.925. ..
10:40:23.4 returns 10.67316...
16:53.2 returns 16:886...

Returns area number

d.d:dAM, d:.d:.dPM, d:d:d.dAM, d:d:d.dPM, d:dPM, d:dAM,
d:d.dAM, d:d.dPM. Specifies a 12-hour time with AM and PM
suffixes into hours.

Hours must be an integer from 0 to 12, minutes can be integer or real
(without seconds) in the range 0 to 60. Seconds can be real or
integer in the range O to 60.

10:42AM returns 10.7
2:55:32pm returns 14.925...
10:40:23.4am returns 10.67316...

Returns areal number

dHdd", dHd'd.d", dHd, dHd.d", dHd.d". Specifies a number in
degree (or hour), minute, second format, converted to radians.

Degrees’hours must be an integer, minutes can be integer or real
(without seconds) in the range 0 to 60. Seconds can be real or
integer in the range O to 60.

230h16'32" returns 230.275...
14H32'6" returns 14.535
100h22' returns 100.36...
30H32.2' returns 30.536. ..
0Oh12 returns 0.2

OH12'3" returns 0.20083...

Returns areal number.

Degree-minute-second for mat

Format:

Examples:

ddd", ddd.d", dd, dd.d", -ddd", d, d.d, d°dd", d°dd.d", d°d’,
d°d.d", d°, d.d°, dd", dd.d", d', d.d', d", d.d". Degree-minute-second,
minute-second, and second format, converted to radians

230°16'32" returns 4.0190666313036
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14°32'6" returns 0.2536836067774
100°22' returns 1.7517287925850
30732.2' returns 0.5329653759173
14" returns 0.2443460952792
230°16'32" returns 4.0190666313036
14°32'6" returns 0.2536836067774
270°10'0" returns 4.7152978624713
30°18.2' returns 0.5288929409960
3.4° returns 0.0593411945678
12'32" returns 0.0036457988819
166'12.9" returns 0.0483499836034
19' returns 0.0055268759646

14.7' returns 0.0042760566674

12" returns 0.0000581776417
607.3" returns 0.0029442734854

Range: Returns areal number in the range 0 to 2p
Date formats
Formats: dDdMdY, dMdDdY, dYdMdD, dmmmy. Converts dates to a Julian
day.
Constraints: Days must be a proper range for the month. Monthsare 1 to 12.
Examples: 16d12m1944y returns 2431441

1D6M1800Y returns 2378648
12m16d1944y returns 2431441
6M1D1800Y returns 2378648
1944y12m16d returns 2431441
1800Y 6M 1D returns 2378648
14Dec1999 returns 2451527
30jun1961 returns 2437481
1IMAY 1944 returns 2431212
Range: Returns an integer Julian day
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Chapter 4

Predefined variables and

constants

Many variables and constants are predefined in mle. Some of these constants are
simply useful reference values (like Pl and AVOGADRCSN). Other values control
aspects of the way parameters are found, how data sets are created, and the
amount of output written to the output file or the screen. This chapter documents
the names, initial values, and purpose of predefined variables and constants.

Al C_SELECT FALSE Reports Bayesian model averaged parameters based on Akaike' s information
criterion.

Al CC_SELECT FALSE Reports Bayesian model averaged parameters based on sample-size corrected
Akaike'sinformation criterion.

ALT_LCd STI C FALSE Controls how logistic transformation are done in function and parameter form
LOG STI C. If set to false, they return p=1/[1+exp(x)]. If true, the
transformation is p=exp(x)/[ 1+exp(x)].

ANNEALI NG ANNEALING A string constant for the simulated annealing method.

ATOM CVASSU 1.660 538 73E-27  Atomic mass unit constant

AVOGADROSN 6.022 141 99E-23  Avogadro's number

BATCHMODE FALSE Whenf al se, thekeyboard is monitored for keystrokesin order to invoke the
interactive debugger. When't r ue, the monitoring is disabled.

Bl C_SELECT FALSE Reports Bayesian model averaged parameters based on Bayesian information
criterion.

BOHRMAGNETON 9.274 008 99E-24  Bohr's magneton

BOHRRADI US 5.291 772 083E-11  Bohr'sradius

BOLTZMANNSC 1.380650 3 10%  Boltzmann's constant.

BRENT_I TS 200 Defines the maximum number if iterations allowed for a single dimensional
maximization when using the BRENT one-dimensional maximizer in the
DI RECT and CGRADI ENT methods.

BRENT_MAG C 0.381966 [3—sgrt(5)]/2, aconstant used by the one-dimensional maximizer

CGRADI ENT1 CGRADIENT1 A METHOD string so that the congugate gradient method (type 1) is used
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CGRADI ENT2
Cl_CHISQ
Cl _CONVERGE

Cl_EVALS

Cl_LIMT_DELTA

Cl_MAXI TS
COVPLEXDECI MALS
COMPLEXW DTH
CONVERGE_FLAG
CREATE_OBS

D_I DX
DATADELI M TERS
DATAFI LENANE
DEBUG_DATA

DEBUG_ECHO
DEBUG_EXEC
DEBUG_| NT

DEBUG LI K

DEBUG_PARSE

DEBUG_SYM

DEBUG

DEGREESPERRADI AN

DELTA LL
DI FF_DX

DI RECT

DI ST_DX_SCALE

DI ST_ERR C

DI ST_T_END

DIST_ TN

DI ST_T_START

CGRADIENT2
5.02389
0.00005

0.0

o O N N

1

<space><tab>,

FALSE

FALSE
FALSE
FALSE

FALSE

FALSE

FALSE

57.2957795
¥

0.001
"DIRECT"
0.25

10.00

10

1.00
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A METHOD string so that the congugate gradient method (type 2) is used
Chi square value for likelihood Cls. This value defines a 95% ClI.

The maximum allowable difference between the likelihood at the confidence
limitand CHI SQ_C

Used to record the number of function evaluations when computing
confidenceintervals.

When confidence intervals are computed, mle adds this value to the lower
parameter value and subtracts this parameter from the upper parameter value,
thus preventing the confidence interval from being evaluated at the boundary.
Negative values will extend the range over which the CI will be evaluated.

The maximum number of iterations allowed for finding a confidence limit.
The number of decimal placesin printing out complex numbers

The field width in printing out complex numbers

Records the conditions under which the model ended

For positive values, creates that number of observations rather than reading
them from a datafile; otherwise, observations are read from afile.

Theindex into DATA. Thisvariable can be used to loop through data.
A string of delimiters that separate items read by the DATA statement
A string of delimiters that separate items read by the DATA statement

When TRUE, debugging is turned on for the routines that read in data files
(also -dd on the command line).

When TRUE, each statement in turn is written to the screen.
When TRUE, debug information is written for each statement.

When TRUE, turns on debugging for the integration routines (also -di on the
command line).

When TRUE, turns on debugging for likelihoods, and individual likelihoods
are printed (also -dl on the command line).

When TRUE, turns on debugging for the language parsing routines (also -dp
on the command line)

When TRUE, turns on debugging for the symbol table routines (also -ds on the
command line).

A integer debug level. The higher this value, the more trees that die. Vaues
of 5and 11 are useful. (also -d ## on the command line)

The number of degreesin one radian = p/180

Used to record the change in likelihood when solving models
Theinitial (largest) value of dx used for the DERI VAT VE function.
A METHQOD string so that likelihoods are solved by the direct method

Multiplied by the standard error of a parameter when computing the derivative
of distributions with respect to each parameter.

Multiplied by the standard error of a parameter when computing distributions
with respect to each parameter. When set to 2, two standard errors are
printed.

The default end time when distributions are printed. (See PRI NT_DI STS
and DI ST_T_START)

The number of time points (between DI ST_T_START and DI ST_T_END)
for which the distributions are printed. (See PRI NT_DI STS).

The default start time when distributions are printed. (See PRI NT_DI STS
and DI ST_T_END)
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DROPPED_0OBS
DX_MAXI TS

DX_START
DX_TOOBI G

DX_TOOSMALL

E
EPSI LON

EULERSC
EVALS
EXP_HAZARD

FALSE

FDATA

FI ND_EPS

FI ND_MAXI TS
FI NPUT
FOUTFI LE
FOUTPUT
FPLOT
FPLOTDATA
FREE_PARANMS
GNUPLOT
GNUPLOTI NI T

GRAVI TATI ONALC
HI GH_DEFAULT

| _AQUAD
| _SI MPSON

| _TRAP_CLOSED
| _TRAP_OPEN

| C_SAMPLE_SI ZE
| NFI NI TY

I NFO_METHOD1

I NFO_METHOD2
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12

0.1
0.3

0.01

2.71828...
0.00001

0.57721567
0

True

FALSE

0.00001
100

gnupl ot . exe

6.673E-11

0o

O N B O W

(hardware)

True

False

A count of observation lines dropped by the DATA statement

The maximum number of iterations allowed for finding a reasonable sized Dx
when computing numerical derivatives.

The starting value for Dx used in finding numerical derivatives.

The maximum changein log likelihood allowed for computing a reasonable
sized Dx for numerical derivatives.

The minimum change in log likelihood allowed for computing a reasonable
sized Dx for numerical derivatives.

Thevauee.

The maximum change in log likelihood for convergence when estimating
parameters for amodel.

Euler's constant
The number of function evaluations used to solve a model

Changes the way proportional hazards are modeled on the baseline hazard. if
TRUE, h(t) = h(t)'e” otherwise h(t) = h(t)'p.

A boolean constant

File variable for datafile

The convergence criterion for the FI NDZERO and FI NDM N functions
Maximum number of iterations for the FI NDZERO and FI NDM N functions
Standard input file

Output file (used by procedure OUTFILE)

Standard output file, defaults to the screen

Plot file (used by procedure PLOTFILE)

File variable used in creating plot data files

The number of free parameters while solving a model

Name of the executable GNUPLOT program

A string of GNUPLOT commands that is written to plot files. For Windows,
thisstring is “set terminal windows; reset; set data style lines; set autoscale;
set nokey”

Universal gravitational constant

The default value for the Hl GH parameter limit. If noHI GH = ... isset
for a parameter, the value will be taken from Hl GH_DEFAULT.

Constant for adaptive quadrature integrator (default)

Constant for Simpson integrator

Constant for trapezoidal (closed endpoint) integrator

Constant for trapezoidal (open endpoint) integrator

Sample sizeto use for Al CC_SELECT and Bl C_SELECT computations.

A constant for the largest real number available on the computer. This
number is determined when mle begins.

Computes the local Fisher's information matrix using Nelson's (1983:394) first
derivative method. This method does not work for nested likelihoods, but is
fairly robust for non-nested models.

When TRUE, computes the local Fisher's information matrix using numerical
perterbation for the second partial derivatives.
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I NPUT_SKI P

| NTEGRATE_METHOD
I NTEGRATE_N

I NTEGRATE_TCL

I NTERMPLOT

I NVERT_FLAG

| TERATI ON_PRI NT
| TERATI ONS
LARGE_ZERO

LARGEST_LI KELI HOCD
LARGEST_LLI KELI HOCD

LI GATC
LI NE_NUVB

LN NFI NI TY
LOG 10

LOGLI KELI HOOD
LOW DEFAULT

MACHI NE_EPSI LON

MAX_BOOLEANS
MAX_CHARS
MAX_| NTEGERS
MAX_REALS
MAX_STRI NGS
MAXEVALS

MAXI NT

MAXI TER

MAXTI ME

METHCD_LOOP
METHCD

M N_SI GNI FI CANT

M N MUIM I TS
MLEFI LEBASE
MPLOTXSCALE
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|_AQUAD
15
0.000001

wn

FALSE

0

0
(hardware)
(hardware)
(hardware)
299792458
0

(hardware)
2.3025850
0.0

-00

(hardware)

(hardware)
(hardware)
(hardware)
(hardware)
(hardware)
100000

(hardware)
100

FALSE
DIRECT

Number of initial rows to skip when reading in datafiles. Thisisuseful when,
for example, columns of numbers in the input file have one or more lines of
headings to describe the columns.

Sets the method of integration.

Number of pointsin the Simpson and trapezoidal integrators.

The tolerance for the Simpson and adaptive quadrature integrators.

A string with GNUPLOT commands to insert between MULTI PLOTs

Flags whether the a variance-covariance matrix has been inverted. Falseif
last attempt was singular or never done.

When set to n, every nth iteration will print out a partial result.
The number of iterations taken to solve amodel.

A characteristic of the hardware floating point math.

The largest likelihood acceptable from a function

The largest loglikelihood acceptable from a function

The speed of light

Set to each datafile line while reading in data. Afterward, it is set to the
number of linesin the datafile.

Thelog of the largest representable real number
A constant.
The loglikelihood found in solving the model

The default value for the LOWNparameter limit. If noLONV = ... issetfora

parameter, the value will be taken from LOW DEFAULT.

Value associated with round-off error for the particular hardware being used.
This number is determined when mle begins.

Fixed maximum size of a boolean array
Fixed maximum size of a character array
Fixed maximum size of an integer array
Fixed maximum size of areal array
Fixed maximum size of a string array

The maximum number of function evaluations for solving alikelihood. Upon
hitting MAXEVALS function evaluations, mle will terminate even if the
convergence criterion has not been met.

Value of the greatest integer for the current architecture.

The maximum number of iterations allowed for estimating the parameters of a
model. Upon hitting MAXI TER iterations, mle will terminate even if the
convergence criterion has not been met.

Maximum time (seconds) for amodel to run. Zero disables this convergence
criterion.

Turns on looping through methods until convergence is reached.

METHOD takes on the value of one of several strings to define what method
will be used for solving likelihoods.

The minimum number of significant digitsto print for most fieldsin the
parameter estimate reports.

The minimum number of iterations when solving a model.
String with the base name of the current mle file.

Scales the horizontal size of plotsfor MULTIPLOT
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MPLOTYSCALE 1 Scales the vertical size of plots for MULTIPLOT

MULTI PLOTI NI T set size 1,1; set origin 0,0 String of Gnuplot commands that is written to plot files when plotting
MULTIPLOTS

N_OBS The number of observations read and kept from the input file

N_VARS The number of variables read and kept from the input file

NAN A constant set to the value “Not a Number” (NaN)

NEG NFI NI TY (hardware) The most negative real number supported by the machine. Thisvalueis
determined when mle begins.

NEWTON "NEWTON" A METHOD used for finding parameter estimates.

00 (hardware) The greatest positive real number. Alsol NFI NI TY

OSSEP (operating system)  The standard filename separator; ‘/ in Unix and ‘\' in Dos

OSVERS| ON (operating system)  The version of the operating system.

OUTFI LENAMVE (operating system)  The name of the output file. Usually OUTFI LE is defined in the mle program
code using the procedure OUTFI LE() . If OUTFI LE isnot defined in the
program, the output will be sent to the standard output. OUTFI LE can also be
defined on the command line.

PARSE_ONLY FALSE When set to TRUE, mle parses the program file and then terminates. If syntax
and other errors are encountered during parsing, mle will print the errors;
otherwise, mle will simply terminate with error. The same effect is achieved
by using - p on the mle command line.

Pl 3.14159 The valuep.

PLANCKI NV2PI 1.054 571596 E-34 Planck's constant divided by 2" p.

PLANCKSC 6.626 087 6 E-34  Planck's constant

PLOT_DI STS FALSE Toggles plotting the survivorship, hazard, and PDF distributions at user-
specified time points. When PLOT_DISTS is set to TRUE, values should also
be set for DIST_T_START, DIST_T_END and DIST_T_N. See
PLOT_DISTS.

PLOTFI LENAME The name of the plot file.

PLOTINI T A string in GNUPLOT code for initializing a plot.

PLOTPO NTS 100 The default number of pointsin aplot.

POVNELL "POWELL" A METHOD used for finding parameter estimates.

PRI NT_BASI C TRUE Toggles printing of basic model information.

PRI NT_CI TRUE Toggles printing of confidence interval report.

PRI NT_COUNTS TRUE Toggles printing of variable counts from input variables.

PRI NT_DATA_STATS TRUE Toggles printing of mean, standard deviation, minimum, maximum statistics
for each input variable.

PRI NT_DI STS FALSE Toggles printing of values for the survivorship, hazard, and PDF distributions

at user-specified time points. When PRINT_DISTS s set to TRUE, values
should also be set for DIST_T_START, DIST_T_END and DIST_T_N. The
following code fragment will print the SDF, PDF, and hazard distributions at
100 time points from 100 to 300.

PRI NT_DI STS = TRUE
DI ST_T_START = 100.0
DI ST_T_END = 300.0
DIST_T_N = 100

PRI NT_FI ELDS FALSE Toggles printing information about the field in the input file.

PRI NT_FREE_PARANMS FALSE Toggles printing alist of free parameters sent to the maximizer. Thisis
usually used for debugging purposes only.

PRI NT_I NFO TRUE Toggles printing of some information to the output file.
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PRI NT_LLI KS
PRI NT_OBS

PRI NT_PARANMS

PRI NT_REDUCED
PRI NT_SE
PRI NT_SHORT

PRI NT_VCV

PROGRAM_NAME
RADI ANSPERDEGREE
RANDOMSEED

READDELI M TERS
READSTARTFI LE
REALDECI MALS

REALW DTH

RELEASE
REVI SI ON
RYDBERGC
SA_ADJ_CYCLES

SA_ADJ_LOWERBOUND

SA_ALT_ADJUSTMENT
SA_COOLI NG

SA_EPS_NUMBER

SA_STEPLENGTH_ADJ
SA_STEPLENGTH
SA_STEPS

SA_TEMPERATURE

SECONDSPERDAY
SI MPLEX_ALPHA
SI MPLEX_BETA
SI MPLEX_GAMVA
SI MPLEX
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TRUE
FALSE

FALSE

FALSE
TRUE
FALSE

FALSE

mle
0.01745329
-1

<space><tab>,
FALSE
5

12

1.097 373 156 854 9E7

20

0.4

false
0.85

2.0
1.0

1000.0

86400

1.0

0.5

2.0
"SIMPLEX"

Toggles printing of individual likelihoods (1 per obs.) to the output file.

Toggles printing of the observations from the input file after transformations.
When TRUE, prints the final values for all observations.

Toggles printing areport of parameters estimates (with no standard errors or
confidence intervals).

Toggles printing of parameters reduced out of amodel.
Toggles printing of standard error report.

When FALSE, mle prints a detailed reports for parameter estimates. When
TRUE, mle prints a one-line report for the report. This option is useful when
the results are to be manipulated directly by another program. The number of
fields in the output report depend on how many parameters are estimated and
whether the Standard Error report or the Confidence Limit report is generated.

Toggles printing of variance-covariance matrix. The rows and columns of the
VCV matrix are in the same order as free parameters are defined.

The number of radians per degree = p/180

Theinitial random seed. This must be set to a positive number (use the
SEED( ) procedure) before using the random number generator. Note that the
simulated annealing maximizer must have arandom seed set.

Delimiters used to separate itemsin procedure READ and READLN
Toggles reading initial parameter values from a start file.

The minimum number of digits written by WRI TE, WRI TELN, PRI NT and
PRI NTLN procedures.

The width of numbers written by VRl TE, WRI TELN, PRI NT and PRI NTLN
procedures.

The release number for mle.
The revision number for mle.
Rydberg's constant

For simulated annealing, this is the number of step length adjustment steps
every cooling cycle (iteration).

For simulated annealing, picks the lower and upper percentages of accepted
and rejected eval uations between which no step length adjustment is made.

For simulated annealing, uses an alternative adjustment formula

Thisistherate of cooling for each cooling cycle. Tp.1 =T,” SA_COOLING.
Values > 1 can be used to explore a good starting temperature.

For simulated annealing, this is the number of function points that will be
compared for determining convergence.

For simulated annealing, this is the steplength adjustment constant
For simulated annealing, thisis the steplength constant.

For the simulated annealing method, this is the number of steps of random
parameter perturbations before entering an adjustment cycle.

For the simulated annealing method, thisisthe initial temperature. Thisvalue
is conservatively high for most functions.

The number of secondsin aday.

The simplex maximizer's reflection coefficient
The simplex maximizer's contraction coefficient
The simplex maximizer's extrapolation coefficient

A METHQOD string to denote Nelder and Mead's (1965) simplex maximizer.

32



mle Reference manual: Predefined variables and constants

SMALLEST_LI KELI HOOD
SMALLEST_LLI KELI HOOD
SMALLEST_NUMBER
SQRT_EPSI LON
START_DEFAULT

SURFACE_PO NTS
SYMBOLI NFI N
SYSTEM

TERMFI LE
TEST_DEFAULT

TITLE

TOTAL_OBS
TRUE

UNI VERSALGASC
VCV_EVALS

VCV_W DTH

VERBOSE

VERSI ON
WRI TEDELI M TER

WRI TESTARTFI LE

(hardware)
(hardware)
(hardware)
(hardware)
0.5

20
TRUE

FALSE
0.0

0

TRUE
8.314472
0

FALSE

wn

FALSE

The greatest value allowed for alikelihood

The greatest value allowed for alog likelihood

The smallest positive number greater than zero supported by the hardware.
A small number used for computing derivatives.

The default START value for parameters used in the event no START = . ..
isused in a parameter definition.

Number of x and y pointsin a surface plot.

Toggles whether infinity is printed 0o or numerically.

Name of the operating system.

Toggles whether or not atermination file is used in solving models

The default t-test value against which the parameters are tested. Thisvalueis
used when the TEST = isnot used in a parameter definition.

A string that is printed for the mle main program and each model. When
TI TLE is defined before a DATA statement, the title will be printed to the
output as the global title. Thetitle can be redefined before each MODEL
statement as a model-specific statement.

Total observations computed by summing FREQUENCY for each observation.
A boolean constant.
The universal gas constant.

The number of function evaluations in computing the variance-covariance
matrix.

The number of elements printed on one line for the variance-covariance
matrix.

If true, mle prints out status information as it works Thisisuseful for
following the progress of mle.

The version number of mle .

A string with the default delimiter used by VWRI TE, WRI TELN, PRI NT and
PRI NTLN procedures.

Toggles whether start files are written while estimating
models.
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Chapter 5
Simple functions

This chapter describes the types and uses of simple functions available in mle.
All simple functions are listed in alphabetical order. The descriptions are
subdivided into a number of fields.

XXX(X) Thisline describes the function name (XXX), and the list of arguments (x).
Returns: Describes the purpose of the function.
Constraints: Describes constraints on the argument(s) to the function. Constraints

include mathematical limits, and constraints in the type of variable
allowed (integer, real, complex, string, character, etc.).

Examples: Gives examples of a call to the function and the resulting returned
value.

Range: Describes the type (integer, real, etc) and range of values returned by
afunction.

Notes: Provides additional description the function or special cases of the
function.

Reference: Gives areference to algorithm, definition, or other information about
the function.

See also: Gives a list other mle functions, procedures, and variables that are

related to the function.

Simple Functions Reference

ABS(X
e Returns: Absolute value of x. The absolute value of complex value is defined
asABS(a+ hi) = v/a? +b? , which is the Euclidean distance from the
origin to the point to the image point in the complex plane.
Constraints: X isinteger, real or complex
Examples: ABS( - 4) returns4
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Range:

ADD(x, y)
Returns:

Constraints:

Examples:

Range:

See als0;

ANDF(X, y)
Returns:

Constraints:

Examples:

Range:

See als0;

ARCCOSX)
Returns:

Constraints:

Examples:
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ABS(4) returns4
ABS( - 4. 0) returns 4.0
ABS(4 + 5i) returns 6.4031242374

Returns an integer for an integer value. Returns areal value for both
real and complex arguments. The returned value is always3 0.

The sum of two numbers, or the concatenation of strings or
characters. Thisisthe functional formof x + y.

x and y numeric argumentss (integer, real or complex), or are both
string (char) arguments.

ADD( 1, 5) returnse. Theresult isan integer.

ADD(2.5, 2.5) returns5.0. Theresult isarea number.
ADD(2, 2.5) returns4.5. Theresult isareal number.
ADD(’a’, ” string”) returnsa string.

ADD(2.5 + 3i, 4 - 1i) returnsé. 50000+2. 00000i .

Returns an integer if both arguments are integers. A real value is
returned if at least one argument is real and the other is real or
integer. A complex number is returned if either argument is
complex. A stringisreturned if both arguments are either strings or
characters.

SUMVATI ON

Logica or boolean AND function. This is the functional from of x
AND .

x and y are integers or both boolean values.
ANDF( TRUE, TRUE) returns TRUE

ANDF( 15, 28) returns 12

ANDF(2x010101, 2x000111) returnss

If both x and y are integer types, ANDF(x, y) returns the bitwise
(logical) AND of the two numbers. If x and y are boolean types,
ANDF(x, y) returnsthe boolean AND of the two numbers.

ORF, NOTF, XORF

Inverse cosine of x, which is the angle (in radians) whose cosineis x
-1 £ x £ 1for rea arguments

ARCCOS( 0. 5) returns1. 0.

ARCCOS( - 1/ 2) returns2. 0943951023932

ARCCOS( 1) returnso. 000
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ARCCOS(0.5 + 2i) returnsi.34978- 1. 46572

Range: Returns a real value for integer or real arguments. Returns a
complex value for complex arguments.
See also: COS, ARCCOSH, ARCSIN
ARCCOSH(x)
Returns: Inverse hyperbolic cosine of x.
Constraints: x3 1 for real arguments
Examples: ARCCOSH( 2) returns 1. 3169578969248

ARCOOSH( 1. 0) returnso. 0
ARCCOSH( 1. 0i ) returns0. 88137+1. 57080i

Range: Returns a real value for integer or real arguments. Returns a
complex value for complex arguments.
See also: COSH, ARCCCS, ARCSI NH
ARCCOT(x)
Returns: Inverse cotangent of x.
Constraints: xt 0
Examples: ARCCOT( 3) returns0. 3217505543966

ARCCOT(3 — 3i) returns0. 16965+0. 16348i

Range: Returns a real value for integer or real arguments. Returns a
complex value for complex arguments.
See also: COT, ARCCOS, ARCSIN
ARCCOTH(x)
Returns: Inverse hyperbolic cotangent of x.
Constraints: xt 0
Examples: ARCCOTH( 2) returns 0. 5493061443341

ARCCOTH(2 - 2i) returnso. 23888+0. 25957i

Range: Returns a rea value for integer or real arguments. Returns a
complex value for complex arguments.
See also: COTH, ARCCOSH, ARCSI NH, ARCCOT
ARCCSC(x)
Returns: Inverse cosecant of x.
Constraints: x10
Examples: ARCCSC( 5) returns0. 2013579207903

ARCCSC(2 — 2i) returnso. 24452+0. 25490i

Range: Returns a real value for integer or real arguments. Returns a
complex value for complex arguments.
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See als0;

ARCCSCH(X)

Returns:
Constraints:

Examples:

Range:

See als0;

ARCSEC(X)

Returns:
Constraints:

Examples:

Range:

See als0;

ARCSECH(x)

Returns:
Constraints:

Examples:

Range:

See als0;

ARCSIN(X)

Returns:
Constraints:

Examples:

Range:

See als0;

ARCSINH(X)

Returns:
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CSC, ARCCOS, ARCSIN

Inverse hyperbolic cosecant of x.

xt 0

ARCCSCH( 5) returnso0. 1986901103
ARCCSCH(2 — 2i) returnso0. 25490+0. 24452i

Returns a real value from -¥ to ¥ (but * 0) for integer or real
arguments. Returns a complex value for complex arguments.

ARCCSC

Inverse secant of x.

x1 0

ARCSEC( 1) returnso. 0

ARCSEC(2 + 2i) returns-1. 3263- 0. 25490i

Returns a real value for integer or real arguments. Returns a
complex value for complex arguments.

ARCCSCH, CSCH

Inverse hyperbolic secant of x.

0 <x£ 1for real arguments

ARCSECH( 0. 5) returns 1. 3169578969
ARCSECH(2 + 2i) returnso. 25490- 1. 32627i

Returns a real value between O to ¥ for integer or real arguments.
Returns a complex value for complex arguments.

ARCCSC, SECH

Inverse sine of X, or the number whose angle (in radians) is x
-1 £ x £ 1for real arguments

ARCSI N( 1) returns1. 5707963267949

ARCSI N( 0. 5) returns 0. 5235987755983

Returns a real value for integer or real arguments from -p/2 to p/2.
Returns a complex value for complex arguments.

ARCCGCS, SIN, ARCSI NH

Inverse hyperbolic sine of x, which is the value whose hyperbolic
sineisx.
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Constraints:

Examples:

Range:

See als0;

ARCTAN(X)

Returns:

Constraints:

Examples:

Range:

See als0;

ARCTANH(X)

Returns:
Constraints:

Examples:

Range:

See als0;

Returns:

Constraints:

Examples:

Range:
See also:

ARGCOUNT

Returns:

Examples:
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X isinteger, real, or complex.
ARCSI NH( - 2. 5) returns- 1. 647231146371
ARCSI NH( 0) returnso. 0

Returns a real value for integer or real arguments. Returns a
complex value for complex arguments.

ARCCOSH, SIN, ARCSIN

Inverse tangent of x, which is the angle (in radians) whose tangent is
X

X isinteger, real or complex
ARCTAN( 0) returnso. 0
ARCTAN( 1) returns0. 7853981633974

Returns a real value for integer or real arguments from -p/2 to p/2.
Returns a complex value for complex arguments.

ARCSI N, ARCCCS, TAN, ARCTANH

Inverse hyperbolic tangent of x.

-1<x<1

ARCTANH( 0) returnso. 0

ARCTANH( 0. 5) returns 0. 5493061443341
ARCTANH(0.5 + -0.5i) returns0. 40236- 0. 55357i

Returns a real value for integer or real arguments. Returns a
complex value for complex arguments.

ARCSI NH, ARCCOSH, TANH, ARCTAN

The argument of complex x, which is the angle (in radians) of x in
the complex plane.

x1 Oi

ARG( 1i ) returns1. 5707963268 (whichis p/2).

ARG( 4- 2i ) returns- 0. 463647609

Returns areal value for integer, real, or complex arguments.

ARCTAN, ABS

A count of arguments passed to the program.

For the command line “mMe -v prog.me argl arg2 arg3”,
ARGCOUNT returns 3: one for each argument following the program
name, pr og. nl e.
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Range:
See also:

ARGSTRING(X)
Returns:

Constraints:

Examples:

Notes:

See als0;

BESELI(n, y)
Returns:

Constraints:
Range:
Reference:
See also:

BESSELJ(n, y)
Returns:

Constraints:
Range:
Reference:
See also:

BESSELK(n, y)
Returns:

Constraints:
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Returns a non-negative integer value.

ARGSTRI NG, ENVCOUNT

The x-th argument passed to the program. This capability is used to
pass user-defined arguments to the program.

X is aninteger
For the command line“m e -v —dl prog.me argl arg2 arg3”

ARGSTRI NG(1) returns the first argument after the program name,
Harglﬂ

ARGSTRI NG( 3) returns “arg3”
ARGSTRI N&(4) (and all values over 3) returns the empty string, “”
ARGSTRI NG 0) returns the program name, “prog.mle”

ARGSTRI NG( - 1) returns the first argument before the program name,
“ _dI ”

ARGSTRI NG - 3) returns the third argument before the program name,
which in this case is the mle programn path and name
“C\MLEWMLE.EXFE”

ARGSTRI NG(-4) (and al values below —3) returns the empty string,

wn

The particular way of grouping and quoting arguments is operating
system specific.

ARGCOUNT, ENVSTRI NG

The modified Bessel function of thefirst kind | (integer order n) of .
nisanon-negative integer. yisinteger or real.

Returns areal value.

Presset a. (1989)

BESSELJ, BESSELK, BESSELY

The Bessel function of the first kind J (integer order n) of red y.
n isanon-negative integer. yisinteger or real.

Returns areal value.

Presset al. (1989)

BESSEL| , BESSELK, BESSELY

The modified Bessel function of the second kind K (integer order n)
of red .

n isanon-negative integer. yisinteger or real.
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Range: Returnsareal vaue.
Reference: Presset a. (1989)
See also: BESSELI , BESSELJ, BESSELY
BESSELY(n, y)
Returns: The Bessel function of the second kind Y (integer order n) of red y.
Constraints: n isanon-negative integer. yisinteger or real.
Range: Returnsareal vaue.
Reference: Presset a. (1989)
See also: BESSELI , BESSELJ, BESSELK
BETA(Nn, w)
Returns: Euler's betafunction. BETA(n,w) = lc‘)z”'l(l- X)"dx.
0
Constraints: n >0, w> 0, integer or real arguments
Examples: BETA(5, 2) returns0. 0095238095231

BETA(4. 0, 8.0) returns0. 0007575757575

Range: Returns area value for integer or real values.
Reference: Presset a. (1989)
See also: BETA, | BETA, GAMVA, PDF BETA

BOOL2STR(x)
Returns: A string from boolean expression x.
Constraints: X must be a boolean argument
Examples: BOOL2STR(1 <> 1) returnsthe string “FALSE"

BOOL2STR(NOT FALSE) returnsthe string “ TRUE"

Range: Returns string values “TRUE” or “FALSE”
See also: I NT2STR, REAL2STR
CEIL(X)
Returns: The least integer greater than or equal to x. For complex arguments,
ceil (@+bi) =-f1oor (-a)—f I oor (-b)i
Constraints: X isan integer, real or complex expression
Examples: CEI L(1.9) returns2.

0
CEI L(2.0) returns2. 0
CEIL(2. 1) returns3. 0

CEI L(-1.9) returns-1.0
CEI L(- 2. 0) returns-2. 0
CEI L(-2. 1) returns-2. 0
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CEIL(2.4 + 3.1i) returns3. 0+4. 0i

Range: Returns a real value for integer or real arguments. Returns a
complex vaue for complex arguments

See also: FLOOR, ROUND, | NT

CHISQ(x, df)

Returns: The upper tail area (beyond x) of a c? distribution with df degrees of
freedom.

Constraints: x3 0, df >0, x and df may be integer or real expressions

Examples: CHI SQ( 3. 84, 1) returns0. 0500435311

CHI SQ(28. 41, 20) returns0. 1000435251

Range: Returns areal value for integer or real arguments.
See also: | NVCHI SQ, STUDENTT, FDI ST, PDF CH SQUARED
CHR(x)

Returns: A character that is ASCII character x

Constraints: 0 £ X £ 255; x is an integer expression

Examples: CHR( 66) returns’ B
CHR(248) returns ' = on DOS/Windows systems with extended
ASCII character codes.

CHR(248) returns’ /£ on some Unix systems.

Notes: Characters over 127 are operating-system specific.

Range: Returns a char value

See also: ORD

CLOCKSEED

Returns: A pseudo-random number based on system date and time

Notes: Concatenates the approximate number of days since 1 BC and adds
the number of centiseconds in the current day to arrive a a
somewhat random number. This function is useful for generating
seeds for the random number generator.

Range: Returns an integer

See also: RAND, SEED

COMB(x, y)

Returns: The binomia coefficient, which is combinations of x1 eements
taken x2 at atime, which is x!/[y! (x—y)!]. Theresultis0.0 for x £
0,y<0orx<y. Theresultis1.0fory=0.

Constraints: Integer arguments x and y.

Examples: COVB(13, 10) returns286.0

COVB(5, 5) returnsi.o
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Range:

See also:
COMP(x)

Returns:

Constraints:

Examples:

Range:
See also:

COMPN(x, V)
Returns:

Constraints:

Examples:

Range:
See also:

CONCAT(x1, x2)
Returns:

Constraints

Examples:

Range:

See also:
COSx)

Returns:

Constraints:

Examples:

Range:

See als0;
COSH(x)
Returns:
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Returns area value

PERMUTATI ONS

Complement of x, which is SI GN(1 — ABS(X), X).
X isaninteger or real expression.

COMVP(0) returnsi. 0

COVP( 0. 25) returns 0. 75

COVP( 1) returnso

Returns area for integer or real arguments.

COVPN

The'y complement of x, which is SI GN(y — ABS(X), X).
X isaninteger or real expression.

COVPN( 4, 3) returnsi.0

COVPN( - 10, 2) returns-8.0

Returns areal for integer or real arguments.

COWP

The concatenation of two strings or characters.
x1 and x2 are string or char expressions
CONCAT( " hel | 0", "
CONCAT(" a', 'b') returnsthe string ab.
Returns a string value.

ADD

Cosine of x.

X isan integer, real or complex argument.
COs(0) returns 1

COs( 1) returns0. 5403023058681

COS( DTOR( 60) ) returnso. 5

Returns a real value for integer or real arguments.

complex value for complex arguments.

SI N, TAN, ARCCCS

The hyperbolic cosine of x. COSH(X) = (€' + €%)/2
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Constraints X isan integer, real or complex argument.
Examples: COSH( 0) returnsi
COSH( 4) returns27. 308232836016
COSH(1/2 + 1i) returns0. 60926+0. 43849i

Range: Returns a real value for integer or real arguments. Returns a
complex value for complex arguments.
See also: SI NH, COS, ARCCOSH
COT(x)
Returns: Cotangent of x (in radians).
Constraints X isan integer, real or complex argument.
Examples: COT(10) returns 1. 5423510454
COT( 4) returns0. 8636911545
COT(1/2 + 1i) returns0. 26117- 1. 12569i
Range: Returns a real value for integer or real arguments. Returns a
complex value for complex arguments.
See also: TAN, ARCCOT
COTH(x)
Returns: The hyperbolic cotangent of x.
Constraints X isan integer, real or complex argument.
Examples: COTH( 0) returns +oo
COTH( - 00) returns0. 8636911545
COTH(- 1) returns - 1. 313035285
COTH(1 + 0.5i) returns 1. 12569- 0. 26117i
Range: Returns a real value for integer or real arguments. Returns a
complex value for complex arguments.
See also: COT, ARCCOTH
CSCH(x)
Returns: The hyperbolic cosecant of x.
Constraints X isan integer, real or complex argument.
Examples: CSCH( 0) returns +oo
CSCH( - 00) returns0. 8636911545
CSCH(- 1) returns - 1. 313035285
CSCH(1 + 0.5i) returns 1. 12569- 0. 26117i
Range: Returns a real value for integer or real arguments. Returns a

complex value for complex arguments.



DEC(X)
Returns:
Constraints:

Examples:

Range:
See also:

DEFALULTOUTNAME
Returns:

Examples:

Notes:

Range:
See also:

DEFALULTPLOTNAME
Returns:

Examples:

Notes:

Range:
See also:

DELTA(X, y)
Returns:

Constraints:

Examples:

Range:
See also:
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x -1

X isan integer, real, or complex expression

DEC(42) returns41

DEC( - 42) returns- 43

DEC(3 + 2i) returns2+2i

DEC( 4. 7) returns3. 70

Returns area, integer or complex vaue according to the type of x.

I NC, procedure DEC

A reasonable output file name based on the name of the mle program.
The function appends ".out" to the program name after stripping off a
trailing suffix, if any.

For programs called "samplemle",
function returns the string sanpl e. out

"sample or “"sample" the

The line OUTFI LE( DEFAULTOUTNAME) will automatically pick and
assign a useful name for the output file. Thisis useful when you are
constantly modifying and changing the name of a program.

Returns a string value.

OUTFI LE, DEFAULTPLOTNAME

A reasonable plot file name based on the name of the mle program.
The function appends ".plt" to the program name after stripping off a
trailing suffix, if any.

For programs caled "samplemle’,
function returns the string sanpl e. pl t

"sample” or “"sample' the

The line PLOTFI LE( DEFAULTPLOTNAME) Will automatically pick and
assign a useful name for the plot file.

Returns a string value

Statement PLOT, procedure PLOTFI LE, DEFAUL TOUTNANME

The Kronecker’s deltafunction: 1 if x =y otherwise O.
x and y must be integer, real or complex expressions.
DELTA( 10, 10) returnsi

DELTA(11, 10) returnso
DELTA(1+2i, 1+2i) returnsi
Returns an integer value

HEAVI SI DE, SGN, | F. . . THEN function
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DIREXISTY(X)
Returns:

Constraints:

Examples:

Notes:

Range:
See also:

DIVIDE(x, y)
Returns:

Constraints

Examples

Range:

See als0:

DMSTOD(x, Y, 2)
Returns:

Constraints

Examples:

Notes:

Range:
See also:

DMSTOR(x, y, 2)
Returns:
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TRUE if directory x exists, and FALSE if not.

X must be a string or character expression.

DI REXI STS(” C:\ ") returns true on DOS systems.

DI REXI STS(” C:\ aut oexec. bat”) (DOS).

DI REXI STS(”/ dev”) returns true on Unix systems.

DI REXI STS(”/ DEV") returns false on Unix systems.

DI REXI STS(”/ dev/ nul 1 ") returns false on Unix systems.

This function has some operating-system specific behavior. On DOS
and Windows systems directory names are not case sensitive. On
Unix systems, directory names are case sensitive.  Directory
separators are operating system specific (*/' on unix and ‘\" on DOS).
DOS-based systems have d: as an optional drive prefix that is not
applicable to Unix systems.

Returns a boolean value

EXI STS, FI LESI ZE, procedure ERASE

x divided by y. Thisisthe functional form of x/y.

y1 0, xandy are any mix of numeric types (integer, real, complex)
DI VI DE(10, 2) returnss. 0

DI VI DE(10+0i , 2) returnss. 0+0. Oi

Returns a real value if both argument are real or integer, and a
complex vaue if either argument is complex.

MULTIPLY, MODULO, REMAINDER, operators: DIV, MOD, /, *

An angle in degrees from an angle in degrees (x), minutes (y), and
seconds (2).

X, ¥, and zinteger or real expressions
DVBTOD( 34, 15, 10.2) returns34. 252833333333
DVBTOD( 0, 20, 15) returnso. 33750

Angles specified in degrees and decimal minutes can be used as well,
but the third argument must be specified as zero. For example
DVBTOD( 43, 8.33, 0) returns43. 13883.

Returns areal value
DVBTOR

An angle in radians from an angle in degrees (x), minutes (y), and
seconds (2).
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Constraints

Examples:

Notes:

Range:
See also:

DMYTOJ(x, Y, 2)

Returns:
Constraints

Examples:

Notes:

Range:
See also:

DTOR(X)

Returns:
Constraints

Examples:

Range:
See also:

Returns:
Constraints

Examples:

Range:
See also:
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X, ¥, and z integer or real expressions
DVBTOR( 34, 15, 10.2) returnso. 5978247198035
DVBTOR( 0, 20, 15) returnso. 0058904862255

Angles specified in degrees and decimal minutes can be used as well,
but the third argument must be specified as zero. For example
DVBTOR( 122, 18.11, 0)returns2. 13457.

Returns area value

DVSTCD

A Julian day from day (x), month (y), and year (2).
1ExXE£3L,1£y£12 X%y, and z are integer expressions
DWTQI( 15, 1, 2000) returnsthe Julian day 2451559
DWTQI(4, 7, 1776) returnsthe Julian day 2369916

This function is useful for computing durations between two datesin
failure time models. For example, the duration between "birth" on
16 Feb 1976 and "death” on 21 Jul 1992 would be computed as
DMYTQJ(21, 07, 1992) — DWTQJ(16, 02, 1976), which returns
exactly 6000 days.

Returns an integer value

JULI AND, JULI ANM JULI ANY, YEARDAY, WEEKDAY

Degrees from radians, px/180.

X isaninteger or real expression.
DTOR(30) returns0. 5235987755983
DTOR(180) returns3. 1415926535898
Returns area value

RTCOD

EARTHDIST(lon1, lat1, lon2, lat2)

The distance between two points on the earth surface.
Arguments are integer or real expressions

Madison, WI is at 40° 8.33' North and 89° 20.24' West, and Sesttle,
WA is a 47° 31.79 North and 122° 18.11' West. The distance

between these cities is found as EARTHDI ST( DMSTOD( 40, 8. 33, 0),
DVSTOD( 89, 20.24, 0), DVSTOD(47, 31.79, 0), DMSTOD(122,
18.11, 0)), whichreturns2768. 737.

Returns area value

DVSTCD

47



ENVCOUNT
Returns:

Examples:

Range:
See also:

ENVSTRING(X)
Returns:

Constraints:

Examples:

Range:

See also:
EOF(x)

Returns:

Constraints

See also:

Range:
EOLN(x)

Returns:

Constraints:

Range:

See also:
ERF(X)

Returns:

Constraints:

Examples:

Range:
See also:
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A count of operating system environment variables. This function is
used to loop through or otherwise access al environment variables
using the ENVSTRI NG function.

ENVCOUNT on a Windows system might return 36. The value can be
used to loop through all environment variables.

Returns an integer value.

ENVSTRI NG, GETENV, ARGCOUNT

The x-th operating system environment variable. This capability is
used to search environment variables.

Argument is an integer expression. Returns an empty string if x is
outside O .. ENVCOUNT

ENVSTRI NG 12), for example, might return “CLI ENTNAME=Consol e”
on a Windows system.

ENVSTRI NG 5) , for example, might return “HOSTNAME=wr i ght ” On a
Unix system.

Returns a string value.

ENVCOUNT, GETENV, ARGSTRI NG

The end-of -file status of file x.

x must be afile open for reading.
EQLN, Procedures OPENREAD, CLCSE.
Returns a boolean value.

The end-of -line status of file x. The statusis either TRUE or FALSE
x must be afilethat is open for reading.
Returns a boolean value.

EOF, Procedure OPENREAD.

The error function, which is a normalized integral from 0 to x of an
exponential power function.

None, but x should be non-negative in order to return a proper
probahility

ERF( 1) returns0. 8427006949
ERF(2) returns0. 9953221398
Returns area number from 0 to 1 (for non-negative x).

ERFC, NORVAL, PDF NORMVAL
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ERFC(X)
Returns:

Constraints:

Examples:

Range:
See also:

EXEC(X, y)
Returns:

Constraints:

Examples:

Notes:

Range:

See also:
EXISTS(X)

Returns:

Constraints:

Examples:
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The complementary error function, whichis1 — ERF(x).

None, but x should be non-negative in order to return a proper
probability.

ERFC( 0. 75) returnso. 2888444222308

ERFC(2) returns0. 0046778602160

ERFC(-2) returns 1. 9953221397840, which is not a probability
Returns area number from O to 1 (for non-negative x).

ERF, NORVAL, PDF NORVAL

An error code after executing command x with arguments y
x and y are strings or char arguments.

EXEC(’ command. comi, '/c dir’) returns O if no error occurs after
executing the DOS di r command.

EXEC('sort.exe', ' < f.dat > fs.dat’) returns O if no error
occurs after executing the DOS sort command.

EXEC(’Is’, ’-1") returns O if no error occurs after executing the
Unix I s command.

The EXEC function searches the path environment variable to locate
the command specified as the first argument. Note that some
commands in DOS are built into conmand. com  These commands
must be run as an argument to conmand. com(asin the first example).
Error values that can be returned are:

2 File not found

3 Path not found

5 Access denied

6 Invalid handle

8 Not enough memory
10 Invalid environment
11 Invalid format

18 No more files

Returns an integer.

Procedure EXEC

TRUE if file x exists, and FALSE if not.

X isastring or char argument.

EXI STS(“ C: \ aut oexec. bat *) returns TRUE on DOS systems.
EXI STS(“/ dev/ nul | ) returns TRUE on Unix systems.

EXI STS(*/ DEV/ NULL*) returns FALSE on Unix systems.
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Notes:

Range:

See also:
EXP(X)

Returns:

Constraints:

Examples:

Range:

See als0;
FACT(X)
Returns:

Constraints

Examples:

Range:

Notes:

See als0;

FDIST(x, dfl, df2)
Returns:

Constraints:

Examples:

Range:

Notes:

See als0;

FILES ZE(x)
Returns:
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This function has some operating-system specific behavior. On DOS
and Windows systems file names are not case sensitive, and
directories always return FALSE. On Unix systems file names are
case sensitive, and return TRUE for directories.

Returns a boolean.

DI REXI STS, FI LESI ZE, procedure ERASE

The value e raised to the power x, €".

X isinteger, real, or complex.

EXP( 0. 2) returns 1.2214027581602

EXP(0) returns 1

EXP(- 0. 2) returns0. 1353352832366
EXP(0.6 + -0.3i) returns1. 74074- 0. 53847i

Returns a real value for an integer or real argument. Returns a
complex value for a complex argument.

LN, POAER

The factorial function, X!, whichisx”™ (x-1) " (x2)" ... 2" 1
The FACT function must be called with integer values

FACT(5) returns120. 0

FACT(100) returns9. 332622E+0157

The function always returns areal value

The function can overflow the real number representation for modest
values of x

GAMVA, LNGAMVA

The upper tail area (beyond x) of an F distribution with dfl and df2
degrees of freedom.

x3 0,df1>0, df2> 0. x, df1, and df2 can be integer or real.
FDI ST(7.71, 1, 4) returns0. 0499875403

FDI ST(3.6, 6, 13) returns0. 0251025332

The function always returns areal value

The F distribution is used to compare sample variances from normal
populations.

I NVFDI ST, CHI SQ, STUDENTT

The number of bytesin the file named x.
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Constraints:

Examples:

Range

Notes:

See als0;

FISHER(X)

Returns:

Constraints:

Examples:

Range

Notes:

See als0;

FISHERINV(X)

Returns:
Constraints:

Examples:

Range:
See also:

FLOOR(X)

Returns:
Constraints:

Examples:
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X isastring or character vaue.

FI LESI ZE(*prog. m e”) might return 533

FI LESI ZE(“/ dev/nul | ”) returnso (on Uni x)
The function always returns an integer

Returns zero if the file does not exist or if the file is empty.
Filenames are case-sensitive on Unix and are not case sensitive on
DOS/Windows.

EXI STS

1 +XE
Fisher's transformation as —Inaé'—g.
&1- x5

-1 <x <1, where x isan integer or real value

FI SHER( 0) returns 0.0

FI SHER( 0. 5) returns0. 5493061443341

FI SHER( - 0. 99990000) returns- 4. 951718775643
The function always returns areal value

The Fisher’s transformation can be used to transform parameters that
must take on values from -1 to 1 into parameters that take on values
from -¥ to ¥.

Fl SHERI NV

The inverse Fisher's transformation as .
Aninteger or real value for x

FI SHERI NV(4) returns0. 9993292997391
FI SHERI NV( 0. 5) returns0. 4621171572600
FI SHERI NV(0) returnso. 0

Returns areal value between -1 and 1

Fl SHER

The greatest integer less than or equal to x, areal number.
x must be real, complex, or integer.

FLOOR(1.9) returns1.0

FLOOR(2. 0) returns2. 0

FLOOR( 2.1) returns2.0

FLOOR(- 1. 9) returns- 2.0

FLOOR( - 2. 0) returns- 2. 0
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Range:

See also:
FRAC(X)

Returns:

Constraints:

Examples:

Range:

See als0;
GAMMA(X)

Returns:

Constraints:

Examples:

Range:
See also:

GCF(x, y)
Returns:

Constraints:

Examples:

Range:
See also:

GETDIR
Returns:

Examples:
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FLOOR(-2. 1) returns-3.0
FLOOR(3.3 + 3.3i) returns3.0 + 3.0i
Returns area or acomplex value

CEl L, ROUND, | NT

The fractional part of x.

x must be real, complex, or integer.
FRAC( 2. 0) returnso. 0

FRAC(2. 1) returnso. 1

FRAC(- 3. 2) returns-0. 2

FRAC(2.3 + 4.5i) returnso.3 + 0. 5i

Returns a real value for integer and real arguments, and a complex
value for complex arguments. The returned value fals between -1
and 1.

I NT

¥
Euler's gamma function, G(x) = ¢§* e ‘dt
0

X must be a positive real or integer value.
GAMVA( 4) returns 6

GAMMA( PI ) returns 2. 2880377950731
GAMMA( 2000) returns +oo

Returns areal value between 1 and +¥.

| GAMVA, | GAMVAC, | GAMVAE, PDF GAMVA

The greatest common factor of x and y, which is the greatest value
that divides both x and y exactly.

x and y must be integer values.
GCF(81, 36) returns9

GCF( 143, 187) returns11
Returns an integer value.

LCM

The name of the current directory.

GETDI R, might return “D: \ wor k” on a Windows machine
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Range:

Notes:

See als0;

GETENV(X)

Returns:

Constraints:

Examples:

Range:

Notes:

See als0;

HEAVISIDE(X)

Returns:
Constraints:

Examples:

Range:
See also:

IBETA(p, h, w)

Returns:

Constraints:

Examples

Range:
See also:
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GETDI R, might return “/ usr / dj hol man/ wor k” on a Unix machine.
Returns a string.

On DOS/Windows systems, a drive letter and colon will be returned
and the directory separator will be ‘\'. On Unix systems, a drive
letter will not appear and the directory separator will be‘/’.

MKDI R, CHDI R, RVDI R, ENVCOUNT, ENVSTRI NG

The value of the operating system environment variable matching x.
This capability is used to obtain values of environment variables.

X isastring or char argument.

GENENV( “ HOVE”) , might return “D: \ 7 in Windows
GENENV( “ HOVE" ) , might return “/ usr / dj hol man” in Unix.
Returns a string.

The case of the argument is not significant on DOS and Windows
systems. The case of the argument is significant on Unix systems. A
non-existent argument results in an empty string being returned.

ENVCOUNT, ENVSTRI NG

the Heaviside function, which is 1 if x 3 0 otherwise it returns O.
X must be an integer or real argument.

HEAVI Sl DE(3.)) returns1

HEAVI Sl DE(0) returns 1

HEAVI Sl DE( - 2) returnso

Returns an integer, either O or 1

DELTA, SGN, | F. .. THEN function

The normalized Eule's function.

p
A A- X)™tdx

BETA(p,n,w) =2

incomplete  beta

, which is the beta cumulative
BETA(n,w)

density function.

Arguments arereal or integer; O£ p£1,n>0,w>0
| BETA( 0.5, 3, 6) returnso0. 8554687499873

| BETA(1, 3, 3) returnsi.0

Returns area number.

BETA, | BETAC, GAMVA, PDF BETA
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IBETAC(p, n, w)
Returns:

Constraints:

Examples

Range:
See also:

IDIV(X, y)
Returns:

Constraints:

Examples:

Range:
See also:
IGAMMA(X, V)

Returns:

Constraints:

Examples:

Range:
See also:

IGAMMAC(x1, x2)
Returns:

Constraints:

Examples:

Range:
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The complement of the normalized Euler's incomplete beta function.
I BETAC(p, n, W) = 1 — I BETA(p, n, w). This is the beta survival
function.

OEpE£1,n>0,w>0

| BETAC(0.5, 3, 6) returnso0. 1445312500127
| BETAC(1, 3, 3) returnso. o0

Returns areal number.

BETA, | BETA, GAMVA, PDF BETA

The integer part of x/y. Thisis the same as the algebraic expression x
DIVy.

y1 0. xandy must be integers
| DI (104, 25) returns4

| DI V(- 124, 25) returns-4
Returns an integer.

MODF, MODULO, REVAI NDER, DI VI DE

y
Euler's incomplete gamma function: G(x)'lc‘je'ttx'ldt. This is,
0

essentialy, the cumulative density function for the gamma function.
x>0,y3% 0.

| GAMVA( 4, o00) returnsi. o

| GAMVA(4, 0) returnso. 0

| GAMVA(3, 1) returns 0.0803013962

| GAMA(1, 3) returns 0.9502129316

Returns area number from 0.0 to 1.0.

GAMVA, | GAMVAC, | GAMVAE

The complement of the Euler's incomplete gamma function.
x>0,y3% 0.

| GAMVAC( 4, o00) returnso.o0

| GAMMAC( 4, 0) returnsi1.0

| GAMMAC( 3, 1) returns 0.9196986038

| GAMVAC( 1, 3) returns 0.0497870684

Returns area number from 0.0 to 1.0.
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See als0;

IGAMMAE(x, x2)

IM(X)

INC(X)

INT(X)

Returns:
Constraints:

Examples:

Range:
See also:

Returns:
Constraints:

Examples:

Range:
See also:

Returns:
Constraints:

Examples:

Range:

See als0;

Returns
Constraints:

Examples:
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GAMVA, | GAMVA, | GAMMAE

| GAMVA( x1, x2)*ROOT(x2, x1).
x>0,y3% 0.
| GAMMAE( 2, 2) returns 0.1484985302
2) returns 0.0089297835
1) returns 0.0803013962
3) returns 0.0000000000

Returns area number.

| GAMVAE( 4,
| GAMVAE( 3,
| GAMVAE( 1,

GAMVA, | GAMVA, | GAMVAC

The imaginary part of complex argument x
X must be an integer, real or complex

IM3 - 4i) returns4.0

I M 3) returnso. 0

Returns areal number.

RE

x+1

X must be an integer, real or complex

I NC( 42) returns 43

I NC( - 42) returns-41

I NC(-42.0) returns-41.0

INC(4 + 2i) returns5. 00000+2. 00000i

Returns a real number for integer and real arguments and a complex
number for complex arguments.

DEC, procedure | NC

The integer part of x asareal number.

X must be an integer, real or complex

I NT(1.9) returns1.0

I NT(2) returns2. 0

I NT(-1.9) returns-1.0

INT(4.3 + 1.3i) returns4. 00000+1. 00000i
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Range:

See als0;

INT2STR(X)
Returns:

Constraints:

Examples:

Range:
See also:

INVBETA(p, n, w)
Returns:

Constraints:

Examples:

Range:
See also:

INVCHISQ(p, df)
Returns:

Constraints:

Notes:

Examples:

Range:
See also:

INVERT(X)
Returns:

Constraints:

Examples:

Range:
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Returns a real number for integer and real arguments and a complex
number for complex arguments.

FRAC, CEI L, ROUND, FLOOR

A string representation of a number from integer expression X.
X must be an integer.

I NT2STR( - 123) returnsthe string - 123

I NT2STR(Or MOMXI 1) returns the string 1912

Returns a string.

BOOL2STR, REAL2STR

The inverse of the Beta distribution, probability p with parameters n
and w.

OE£p£1,dfl>0,df2>0

I N\VBETA(0.5, 1, 1) returnso. 50

I N\VBETA(0.5, 1, 2) returns0. 2928930918
Returns area number from 0.0 to 1.0.

BETA, BETAI, | NVCHI SQ, | NVSTUDENTT, QUANTI LE <pdf>

The inverse of the chi-squared cumulative density function at
probability p and df degrees of freedom.

OEpEL df>0

This function can be used to evauate critical values of statistics that
2
are ~c-.

I NVCHI SQ( 0. 95, 1) returns3. 8414592390634
I NVCHI SQ( 0. 95, 5) returnsil. 070497756345
Returns areal number.

CHI SQ, | NVSTUDENTT, | NVFDI ST, QUANTI LE <pdf>

1x.

xisarea, integer, or complex.

I NVERT( 2) returnso. s

I NVERT( - 1. 25) returns-0. 8

I N\VERT(3 + 2i) returns0. 23077- 0. 15385i

Returns a real number for real and integer arguments. Returns a
complex value for complex arguments.
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INVFDIST(p, df1, df2)
Returns:

Constraints:
Notes:

Examples:

Range:
See also:

INVNORMAL (p)
Returns:

Constraints:
Notes:

Examples:

Range:
See also:

INVSTUDENTT(p, df)
Returns:

Constraints:
Notes:

Examples:

Range:
See also:

IRAND(X, y)
Returns:

Constraints

Examples:
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The inverse of the F distribution, probability p with dfl and df2
degrees of freedom.

OE£p£1,dil>0,di2>0

The F distribution is used to compare sample variances from normal
populations.

I NVFDI ST(0. 05, 1, 10) returns4. 9646147898
I NVFDI ST(0. 025, 8, 9) returns4. 1019409049
Returns area number.

FDI ST, | NVCHI SQ, | NVSTUDENTT, QUANTI LE <pdf>

The inverse of the standard normal cumulative density function at
praobability p.

O<p<1

This function can be used to evaluate critical values of statistics that
are normally distributed.

I NVNORVAL( 0. 95) returns 1. 6448536392367
I NVNORMAL ( 0. 975) returns 1. 9599639986264
Returns area number.

QUANTI LE <pdf>

The inverse of the Student t survival density function at probability p
and df degrees of freedom.

Arguments arereal or integer; O£ p£1,df >0

This function can be used to evaluate critical values of statistics of
means when the variance is unknown.

I NVSTUDENTT( 0. 05, 1) returns6. 3137491419, which isthe point of
the distribution above which 5% of the area occurs.

I NVSTUDENTT( 0. 95, 5) returns-2. 015048392,
Returns area number.

STUDENTT, | NVCHI SQ | NVFDI ST, QUANTI LE <pdf>

A random integer from xtoy.
x and y are integer arguments.
| RAND(5, 10) return avalue uniformly drawn from 5 to 10.

I RAND( 10, 5) will return avalue uniformly drawn from 5 to 10.
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Notes: Before | RAND or other random number functions can be used, the
value of RANDOVBEED must be set to a positive constant. Use the
SEED() procedure to do this.

Range: Returns an integer from xtoy.
See also: RAND, RRAND, procedure SEED, RANDOVSEED
ISANINFITY(X)
Returns: TRUE if X iseither ¥ or -¥.
Constraints: x must be real or integer. If integer, it is converted to real (integer
infinity is not defined).
Examples: | SANI NFI NI TY( - 00) returns TRUE

I SANI NFI NI TY(- 1/ 0) returns TRUE
I SANI NFI NI TY( 34) returns FALSE

Range: Returns a boolean value for integer or real arguments.
See aso: I SINFINITY, | SNEG NFINITY, |SNAN
ISEQ(x, Y)
Returns: Theboolean x =y. Thisisthefunctiona form of x =y (or x ==Yy).
Constraints: x and y must be compatible types: a pair of numeric types, boolean

types, or string/char types.

Examples: | SEQ(10, 10.0) returns TRUE
ISEQ‘a’, “a”) returns TRUE
| SEQ(33, 4) returnsFALSE

Range: Returns a boolean.
See also: I SGE, | SGT, | SLE, | SLT, | SNE, | SNEAR
|SEVEN(X)
Returns: TRUE if integer x is an even number, FALSE if x is odd
Constraints: X isaninteger.
Examples: | SEVEN( 0) returns TRUE

| SEVEN( 199) returns FALSE

Range: Returns a boolean.
See also: | SODD
ISGE(X, V)
Returns: Theboolean x3 y. Thisisthe functional form of x3 y.
Constraints: x and y must be compatible types: a pair of numeric types, boolean

types, or string/char types.
Examples: | SGE(10, 10.0) returns TRUE
ISGE(' b', 'a') returns TRUE
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ISGE('a', 'b') returns FALSE
| SGE(33, 4) returns TRUE

Range: Returns a boolean.
See also: | SEQ | SGT, | SLE, | SLT, | SNE, | SNEAR
ISGT(X, y)
Returns: The boolean x >y. Thisisthe functional form of x > y.
Constraints: x and y must be compatible types: a pair of numeric types, boolean

types, or string/char types.

Examples: | SGT(10, 10.0) returns FALSE
I SGT(' b, *a') returns TRUE
ISGT(*a', 'b') returns FALSE
| SGT(33, 4) returns TRUE

Range: Returns a boolean.
See also: | SGE, | SEQ | SLE, | SLT, | SNE, | SNEAR
ISINFITY(X)
Returns: TRUE if XiS¥.
Constraints: x must be rea or integer. If integer, it is converted to rea (integer
infinity is not defined).
Examples: I SI NFI NI TY( 00) returns TRUE

I SI NFI NI TY( 1/ 0) returns TRUE
I SI NFI NI TY( - 1/ 0) returns FALSE
I SI NFI NI TY(34) returns FALSE

Range: Returns a boolean value for integer or real arguments.
See also: I SANINFI NI TY, | SNEG NFI NI TY, | SNAN
ISLE(X, y)
Returns: The boolean x £ y. Thisisthe functional form of x £ y.
Constraints: x and y must be compatible types: a pair of numeric types, boolean

types, or string/char types.

Examples: I SLE(10, 10.0) returns TRUE
ISLE(* b, *a') returns FALSE
ISLE(*a', 'b") returns TRUE
| SLE(33, 4) returnsFALSE

Range: Returns a boolean.
See also: | SGE, | SGT, | SEQ | SLT, | SNE, | SNEAR
ISLT(X, Y)
Returns: The boolean x <y. Thisisthe functional form of x <.
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Constraints:

Examples:

Range:
See also:
I SNAN(X)
Returns:
Constraints:

Examples:

Range:

Notes:

See also:
ISNE(X, )

Returns:

Constraints:

Examples:

Range:

See also:
ISNEAR(X, b, d)

Returns:

Constraints:

Examples:

Range:
See also:
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x and y must be compatible types: a pair of numeric types, boolean
types, or string/char types.

I SLT(10, 10.0) returns FALSE
ISLT('b', 'a') returnsFALSE
ISLT('a', 'b') returns TRUE
I SLT(33, 4) returnsFALSE
Returns a boolean.

I SGE, | SGT, | SLE, | SEQ, | SNE, | SNEAR

TRUE if x isnot avalid number (NaN).

x must be rea or integer. If integer, it is converted to rea (integer
NAN is not defined.

| SNAN( - 00) returns FALSE

| SNAN( 00 + 00) returns TRUE

| SNAN( 1/ 00) returns TRUE

| SNAN( 34) returns FALSE

Returns a boolean value for integer or real arguments.

Most algebraic operations with infinity return a NaN floating point
value.

I SANI NFI NITY, |SINFINTY, |SNEG NFINTY

Theboolean x* y. Thisisthe functional form of x* v.

x and y must be compatible types: a pair of numeric types, boolean
types, or string/char types.

I SNE(10, 10.0) returns FALSE
ISNE(' b', 'a') returns TRUE
| SNE(33, 4) returns TRUE
Returns a boolean.

I SGE, | SGT, | SLE, | SLT, | SEQ, | SNEAR

TRUE if xisin theinterval [b—d, b + d]; otherwise it returns FALSE.
x and y must be integer or redl.

| SNEAR(23. 5, 20, 4) returns TRUE

| SNEAR(23. 5, 20, 1) returnsFALSE

Returns a boolean.

I SGE, | SGT, | SLE, | SLT, | SNE, | SEQ
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ISNEGINFITY(X)
Returns: TRUE if Xis-¥.
Constraints: x must be rea or integer. If integer, it is converted to rea (integer
infinity is not defined).
Examples: | SNEG NFI NI TY( - 00) returns TRUE
| SNEG NFI NI TY( -1/ 0) returns TRUE
| SNEG NFI NI TY( 1/ 0) returns FALSE
| SNEG NFI NI TY(34) returns FALSE
Range: Returns a boolean value.
See also: I SANINFI NI TY, 1SINFINTY, |SNAN
ISODD(X)
Returns: TRUE if integer x is an odd number, FALSE if X is even
Constraints: X must be an integer.
Examples: | SCDD( 0) returns FALSE
| SODD(199) returns TRUE
Range: Returns a boolean value.
See also: | SEVEN
JULIAND(X)
Returns: The day of the month for a Julian day.
Constraints: X must be an integer that represents a Julian day.
Examples: DWYTQJ( 30, 6, 1961) returns 2437481 SO that JULI AND( 2437481)
returns 30.
Range: 1to 31
See also: JULI ANM JULI ANY, YEARDAY, \EEKDAY, DMYTQJ
JULIANM(X)
Returns: The month for a Julian day.
Constraints: X must be an integer that represents a Julian day.
Examples: DMYTQJ( 30, 6, 1961) returns 2437481 so that JULI ANM 2437481)
returns 6
Range: 1to12
See also: JULI AND, JULI ANY, YEARDAY, \EEKDAY, DMYTQJ
JULIANY(X)
Returns: The year for a Julian day.
Constraints: X must be an integer that represents a Julian day.
Examples: DWTQI( 30, 6, 1961) returns 2437481, so that JULI ANY(2437481)
returns 1961
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Range:
See also:

LCM(x, y)

Returns:
Constraints:
Examples:
Range:

See also:

LEAPYEAR(Y)

Returns:
Constraints:

Examples:

Range:
See also:

LEFTSTRING(X, Y)

LN(X)

Returns:
Constraints:

Examples:

Range:

See als0;

Returns:
Constraints:

Examples:

Range:
See also:
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Returns an integer that is the year.
JULI AND, JULI ANM YEARDAY, EEEKDAY, DMYTQJ

The least common multiple of x and y.
x and y must be an integers.

LCM 9, 12) returns 36

Returns an integer.

GCF

TRUE if the year specified by y isaleap year.
y isan integer that represents a year.
LEAPYEAR( 2000) returns TRUE
LEAPYEAR(2001) returns FALSE

LEAPYEAR( 1900) returns FALSE

Returns a boolean value.

MONTHDAYS

The leftmost substring from x of up to y characters.
Xisastring, y isan integer.

LEFTSTRI NG "Probability theory", 11) returns the string
Probability

LEFTSTRI NG " Anyway", 3) returnsthe string Any
LEFTSTRI NG " Anyway", 20) returnsthe string Anyway

Returns a string. An empty string is returned if y £ 0 or if X is an
empty string.

Rl GHTSTRI NG, SUBSTRI NG

The natural (Naperian) logarithm of x (also LOG).

x3 0. If x=0, -¥ isreturned. xisan integer, rea, or complex.
LN(E) returns1.0

LN( E*25) returns 25

LN(35) returns 3. 5553480614894

LN(2 + 23i) returns 3. 13926+1. 48406i

Returns area number.

LOG, LOGBASE, EXP
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LNFACT(X)

Returns:
Constraints:

Examples:

Range:

Notes:

See also;

LNGAMMA(X)

Returns:
Constraints:

Example:

Range:

Notes:

See als0;

Returns:
Constraints:

Examples:

Range:
See also:

LOG10(x)

Returns:

Constraints:

Examples:
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The natural logarithm of x!.

x3 0. xisaninteger.

LNFACT( 10) returns 15. 104412573076
LNFACT (3000) returns21024. 024853046
Returns area number.

The LNFACT function is useful for intermediate calculations to avoid
numeric overflow. If real values of x are needed, the LNGAMVA( x +
1) function can be used.

FACT, LNGAMVA

The natural logarithm of GamvA( x) .

x3 0. xisaninteger or redl.

LNGAMVA( 11) returns15. 104412572871
LNGAMVA( 3001) returns 21024. 024853046
Returns areal number.

The LNFACT function is useful for intermediate calculations to avoid
numeric overflow. If integer values of x are being used, the
LNFACT(x - 1) function can be used.

GAMVA, LNFACT

The natural (Naperian) logarithm of x (also LOG).

x3 0. If x=0, -¥ isreturned. xisan integer, rea, or complex.
LOG E) returns1.0

LOG( E*25) returns 25

LOG( 35) returns 3. 5553480614894

LOX 2 + 23i) returns 3. 13926+1. 48406i

Returns area number.

LOG, LOGBASE, EXP

The base-10 logarithm x.

x3 0. If x=0, -¥ isreturned. x is an integer, real or complex
number.

LOGLO( 10) returns1.0
LOGLO( 10725) returns 25. 0
LOGLO( 35) returns 1. 5440680443503
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Range:
See also:

LOGBASE(x, ¥)
Returns:

Constraints:

Examples:

Range:
See also:

LOGISTIC(X)
Returns:

Constraints:

Examples:

Range:
Note:

See als0;

LOGIT(p)
Returns:
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LOGLO(3 + 1i) returns0. 50000+0. 13973i
Returns area number.

LN, LOG, LOGBASE, EXP

The logarithm (base y) of x.

x3 0. If x=0, -¥ isreturned. x is an integer, real or complex
number.

LOGBASE( 10, 10) returnsi.0
LOGBASE( 10725, 10) returns 25
LOGBASE( 35, E) returns 3. 5553480614894

Returns areal number.

LN, LOG, LOGLO, EXP

The logistic function: 1[1 + exp(x)], or its complement if
ALT_LOG STI C=TRUE.

X isan integer, real or complex number.

LOG STI C(- 1) returnso0. 7310585786

LOG STIC(-1 + 0.5i) returns0. 74274- 0. 09903i
LOG STI C(10) returns0. 0000453979

Returns areal number from 0 to 1.

The Lod sTI € function is widely used to transform parameters that
are probabilities (range from 0 to 1) into parameters that range from -
¥ to ¥. Logistic transformations are sometimes useful to change a
variable in the range [-¥, ¥] to a transformed variable in the range
[0, 1]. There are two common ways to construct these
transformations. The transformation is p; = 1/(1 + €), and the second
transformation is p, = €/(1 + €). Both transformation are equally
useful, and there is no reason except habit to choose one over the
other. Mathematically, they are related as complements; that is, p; =
1 — p,. By default, mle uses the transformation to p; for both the
Lod sTi () function cal, and the FORM = LOGE STI C parameter
transformation. You can change mle to use the p, form of the
equation by setting the variable ALT_LOG STI C = TRUE. The default
value of ALT_LOd STI Ccisfalse

LOG T, PDF LOGQ STIC, variable ALT _LOG STI C

The logit transform, In[p/(1 — p)].



Constraints

Examples:

Notes:

Range:
See also:

LUNARPHASE())
Returns:

Constraints:

Examples:

Range:

Reference:
See als0;

MAX(X, )
Returns:

Constraints:

Examples:

Range:

See als0;

MIN(X, y)
Returns:

mle Reference manual: Simple functions

pisaprobability, 0<p<1. If x=0.
LOG T(1) returns¥

LOG T(0.5) returnso. 0

LOG T(0. 3) returns-0. 847297860387
LOG T(0) returns - oo

The Lod T function is the inverse of the Lod STI € function when
ALT_LOd STI Cis TRUE, or the negative inverse when ALT_LOd STIC
ISFALSE. Hence, LOA T(LOG STI C(5)) returnss. 0 or - 5. 0.

Returns areal number.

LOG STIC

An approximate phase of the moon on Julian date j.

j must be an integer.

LUNARPHASE( DWTQJ( 15, 1, 2000)) returnso. 6055993482011
LUNARPHASE( DWTQJ( 16, 1, 2000)) returnso. 6733257524912

A new moon occurred on 3 Mar 2003, hence the smallest value
occurs around this day.

LUNARPHASE( DMYTQJ(2, 3, 2003)) returns 0. 0508469525
LUNARPHASE( DWYTQJ(3, 3, 2003)) returnso. 0168794517
LUNARPHASE( DMYTQJ(4, 3, 2003)) returns 0. 0846058560

Returns a real number from O to 1. O denotes a new moon, and 1
denotes a full moon.

Press et al. (1989)
DWTQJ

The greatest of xand y.

x and y must be compatible types: a pair of integer/real or a pair of
string/char values. Complex and boolean values are not permitted.

MAX( 15, 10) returnsi15s
MAX( - 15, -10) returns- 10
MAX(‘a', ‘b’) returns'b’

Returns a real number if one of the arguments is real, an integer if
both arguments are integer, a string if either argument isastring, or a
char if both arguments are chars.

M N, | F. .. THEN function

Theleast of xand y.
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Constraints:

Examples:

Range:

See als0;

MIX(p, X, Y)
Returns:

Constraints:

Examples:

Range:

See als0;

MODULO(x, V)
Returns:

Constraints:

Examples:

Range:
See also:

MONTHDAYSm, y)
Returns:

Constraints:

Examples:

Range:
See also:

MULTIPLY(X, y)
Returns:

Constraints:
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xand y must be compatible types: a pair of integer/rea or a pair of
string/char values. Complex and boolean values are not permitted.

M N(10, 15) returns 10
M N(- 15, -10) returns- 15

Returns a real number if one of the arguments is real, an integer if
both arguments are integer, a string if either argument isa string, or a
char if both arguments are chars.

MAX, | F. . . THEN function

x and y weighted (mixed) by probability p. px + (1 —p)y.

x and y must be numeric types (integer, real or complex) and p must
beinteger or real, 0.0E£ p £ 1.0.

M X(0.5, 10, -10) returnso
M X(0.25, 1000, 2000) returns1750
M X(0.5, 2+3i, 3+4i)returns2. 5+3. 5i

Returns a real number if x and y are real or integer. Returns a
complex number if either x or y are complex.

PDF STERI LE

The integer remainder of x/y. This is the functional form of the
expression x MOD y.

y1 0. xandy must be integers
MODULQ( 110, 25) returns 10
MODULQ( - 124, 25) returns- 24
Returns an integer.

REMAI NDER, | DI V

the number of daysin month m of year y.

m must be an integer in 1..12 and y must be an integer.
MONTHDAYS(2, 2000) returns 29

MONTHDAYS( 2, 2001) returns 28

Returns an integer in the range 28..31.

LEAPYEAR

The algebraic product x ~ y; This is the same as the algebraic
expression X * y.

x and y must be integer, real or complex arguments.
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Examples:

Range:

See als0;

NEGATE(X)
Returns:

Constraints:

Examples:

Range:
See also:

NORMAL(x)
Returns:

Constraints:

Examples:

Range:
Notes:
See also:

NORMALCDF(x)
Returns:

Constraints:

Examples:

Range:

Notes:

Reference:

See als0;

NOTF(x)
Returns:
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MULTI PLY(2, 3) returnse
MULTI PLY(2.5, 3) returns7.5
MULTIPLY(2.5 + 2i, 3 — 4i) returns15. 5000- 4. 00000i

Returns an integer if both argument are integers, real if one argument
is real and the other is real or integer, and returns complex if either
argument is complex.

DI VI DE, special function PRODUCT.

-X.
X must be an integer, real or complex argument.
NEGATE( 23) returns - 23

NEGATE( - 45) returns 45

NEGATE(-2 + 6i) returns2. 0- 6. Oi

Returns the same type as the argument.

SUBTRACT, NOTF

The standard normal (Gaussian) probability density function

X must be an integer or real argument.

NORMAL( 0) returns0. 3520653268

NORMAL( - 2) returns 0. 0539909665

Returns area value from 0.0 to about 0.3521.

The function NORVAL(x) corresponds to PDF NORMAL(x) 0, 1 END.
PDF NORMAL, NORMALCDF, | NVNORMAL, STUDENTT, ERF, ERFC

The standard normal (Gaussian) cumulative density function
X must be an integer or real argument.

NORMALCDF( 0) returnso. 5

NORMAL( - 2) returns 0. 0227500620

Returns areal value from 0.0 to about 1.0.

The function NORVALCDF(x) corresponds to PDF NORMAL( - 00, X)
0, 1 END. The function uses a polynomial expansion that is
accurate to about six decimal places.

Bratley et a. (1983), Abramowitz and Stegun (1972) equation
26.2.17.

PDF NORVAL, NORVAL, STUDENTT

The logical or boolean NOT function.
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Constraints:

Examples:

Range:

Notes:

Seeaso
ORD(c)

Returns:

Constraints:

Examples:

Range
Seedso

ORF(X, y)
Returns:

Constraints:

Examples:

Range:

See als0;

PERMUTATIONS(X, V)
Returns:

Constraints:

Examples:

Range:
See also:
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X must be an integer or boolean argument.
NOTF( 357) returns- 358

NOTF(2x011011) returns- 28

NOTF( TRUE) returns FALSE

Returns an integer result for an integer argument; returns a boolean
result for an boolean argument.

If X is an integer, NOTF(x) returns the bitwise (logical) NOT of the
number. If X is a boolean variable or constant, NOTF( x) returns the
boolean NoT of the number.

ORF, ANDF, NEGATE

The ordina value of character c.

¢ must be a character argument or a string of length 1.
ORD(' A') returns 65

ORD(' a') returns 97

ORD(“ @) returns 64

Returns an integer, 0 £ ORD( c) £ 255.

CHR

The logical or boolean or function. This is the functional form of x
ORY.

x and y are integers or both boolean values.
ORF(456, 123) returnss07

ORF(2x00101, 2x01010) returns 15
ORF(TRUE, FALSE) returns TRUE

If both x and y are integer variables or constants, ORF(x, y) returns
the bitwise (logical) or of the two numbers. If x and y are boolean
variables or constants, ORF(x, y) returns the boolean AND of the two
numbers.

NOTF, ANDF, XORF

Permutations: x taken y at atime: x!/(x —y)!.
x3 y3 0, xand y areinteger expressions.
PERMUTATI ONS( 10, 1) returns 10. 0
PERMUTATI ONS( 10, 3) returns 720. 0
Returns areal value.

COMVB
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POLARTORECTX(r, a)

Returns:
Constraints:

Examples:

Range:
See also:

POLARTORECTY(r, a)

Returns:
Constraints:

Examples:

Range:
See also:

POWER(X, y)

Returns:

Constraints

Examples:

Range:

See als0;

Returns:

Constraints

Examples:

Notes:
See als0;

Returns:
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Rectangular x coordinate from polar coordinatesr, a, rcos(a).
r and a are real or integer values.

POLARTORECTX( 1/ 2, PI) returns- 0.5

POLARTORECTX( 1/ 2, PI/3) returnso. 25

Returns areal value.

POLARTORECTY, RECTTOPOLARR, RECTTOPOLARA

Rectangular y coordinate from polar coordinatesr, a: rain(a).
r and a are real or integer values.

POLARTORECTY( 1/ 2, PI) returnso. o

POLARTORECTY( 1/ 2, PI/3) returnso. 4330127019

Returns areal value.

POLARTORECTY, RECTTOPOLARR, RECTTOPOLARA

X raised to the power y, X. This is the functional form of the

algebraic expression xMy.

x and y are integer, real or complex arguments.

PONER(2, 3) returnss. o

PONER( 3.5, 3.5) returnsgo. 211780229

POAER(3.5 + 2i, 3.5 — 2i) returns209. 658- 306. 643i

PONER(-1, 1/2) returns an error; but, PONER(- 1+0i, 1/2) returns
0. 00000+1. 00000 .

Returns a real value for real or integer arguments, and a complex
value if any argument is complex.

ROOT

the value of x, and, as a side-effect, writes the value of x to the
standard outpui.

X isaninteger, real, complex, string, char, or boolean.

PUT( 2) returns 2, and writes 2 to the standard output.

PUT(* ¢’) returns* ¢’ , and writes ¢ to the standard outpui.
Thisfunction is particularly useful for debugging programs.

WRI TELN, WRI TE

A random real number from 0 to 1.
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Notes:

Range:

See also:
RE(x)

Returns:

Constraints:

Examples:

Range:
See also:

REAL2STR(x, I, S)
Returns:

Constraints:

Examples:
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Before RAND or other random number functions can be used, the
value of RANDOVSEED must be set to a positive constant by calling the
SEED procedure.

Returns area value from 0 to 1.

| RAND, RRAND, procedure SEED, RANDOVBEED.

The real part of complex argument x
X must be an integer, real or complex
RE(3 - 4i) returns3.0

RE(3) returns3. 0

Returns area number.

M

A dtring from real expression x. The length of the string is |
characters, and s significant digits. See the examples for the way in
which sand | areinterpreted.

x must be area or integer value. | and s are integer values.

If sispositive, at least s significant digits are represented. Whenever
possible, the function tries to return the number in decimal format
rather than scientific format. A minimum field length | of about 9 is
recommended for small or large numbers.

REAL2STR(PI, 10, 1) returns"3.14159265"
REAL2STR(PI, 5, 5) returns"3. 142"

REAL2STR( 1. 234567E-8, 20, 2) returns"0. 000000012345670000"
REAL2STR( 1. 234567E-8, 9, 8) returns"1.2E-0008"
REAL2STR( 1. 234567E-8, 12, 5) returns"1. 235E- 0008"
REAL2STR( 1. 2345678, 10, 0 ) returns " 1"
REAL2STR( 1. 2345678E20, 10, 1) returns " 1.2E+0020"
REAL2STR( 1. 2345678E20, 10, 2) returns " 1.2E+0020"
REAL2STR( - 1. 2345678E-20, 10, 0) returns " -0"
REAL2STR(- 1. 2345678E-20, 10, 0) returns " -0"
REAL2STR(- 1. 2345678E-20, 10, 1) returns "- 1. 2E- 0020"

If sisnegative, s significant digits to the right of the decimal points
are returned, with spaces padding on the left to fill all | places.
Scientific format will not be forced in the event that the total length
istoo small to hold the entire number.

REAL2STR( 1. 2345678, 10, -5) returns " 1.23457"
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Range:
See also:

RECTTOPOLARA(X, y)
Returns:

Constraints:

Examples:

Range:
See also:

RECTTOPOLARR(X, y)
Returns:

Constraints:

Examples:

Range:
See also:
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REAL2STR( 1. 2345678, 10, -2) returns " 1.23"
REAL2STR( 1. 2345678, 10, -1) returns " 1.2

REAL2STR( 1. 2345678E20, 10, -4) returns
" 123456780000000000000. 0000"

REAL2STR( 1. 2345678E20, 10, -3) returns
" 123456780000000000000. 000"

REAL2STR( 1. 2345678E20, 10, 0) returns
*123456780000000000000"

REAL2STR(- 1. 2345678E-20, 10, -4) returns " - 0. 0000"
REAL2STR(- 1. 2345678E-20, 10, -1) returns " -0.0"

If | isnegative and sis positive, s significant digits to the right of the
decimal points are returned, with spaces padding on the right to fill
al | places. Scientific format will not be forced in the event that the
total length istoo small.

REAL2STR( 1. 2345678, -10, 3) returns "1.235

REAL2STR( 1. 2345678, -10, 9) returns "1.234567800"
REAL2STR(- 1. 2345678E-20, -10, 1) returns "-0.0
REAL2STR(- 1. 2345678E-20, -10, 9) returns "- 0. 000000000"

REAL2STR( 1. 2345678E20, 10, -4) returns
" 123456780000000000000. 0000"

REAL2STR( 1. 2345678E20, 10, -1) returns
" 123456780000000000000. 0"

Returns astring of | characters.

BOOL2STR, | NT2STR

Polar angle (in radians) from rectangular coordinates x and y.
xand y must be real or integer values.

RECTTOPOLARA(5, 6) returns0. 8760580506
RECTTOPOLARA(O, 1) returnsi.5707963268

Returns areal value.

POLARTORECTY, POLARTORECTA, RECTTOPOLARR

Polar radius from rectangular coordinates x and y.
xand y must be real or integer values.
RECTTOPOLARR(5, 6) returns7. 8102496759
RECTTOPOLARR(0, 1) returnsi.0

Returns areal value.

POLARTORECTY, POLARTORECTA, RECTTOPOLARA
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RECTTOSPHEREAL(X, v, 2)
Returns:

Constraints:

Examples:

Range:
See also:

RECTTOSPHEREA2(X, v, 2)
Returns:

Constraints:

Examples:

Range:
See also:

RECTTOSPHERER(X, Y, 2)
Returns:

Constraints:

Examples:

Range:
See also:

REMAINDER(X, V)
Returns:

Constraints:

Examples:

Range:
See also:
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Spherical angle 1 (in radians) from rectangular coordinates x, y, and
z

X, ¥, and zmust be real or integer values.
RECTTOSPHEREAL(1, 2, 3) returnsi. 1071487177941
RECTTOSPHEREA1(1, 1, 1) returnso. 7853981633974
Returns areal vaue.

SPHERETORECTX, SPHERETCORECTY, SPHERETORECTZ, RECTTOSPHERER,

RECTTOSPHEREA2, RECTTOPOLARA, RECTTOPOLARR, POLARTORECTX,
POLARTORECTY

Spherical angle 2 (in radians) from rectangular coordinates x, y, and
z

X, ¥, and zmust be real or integer values.
RECTTOSPHEREA2( 1, 2, 3) returnso. 6405223126794
RECTTOSPHEREA2( 1, 1, 1) returnso. 9553166181245
Returns areal vaue.

SPHERETORECTX, SPHERETORECTY, SPHERETORECTZ, RECTTOSPHERER,

RECTTOSPHEREAL, RECTTOPOLARA, RECTTOPOLARR, POLARTORECTX,
POLARTORECTY

Spherical radius from rectangular coordinates x, y, and z.
X, ¥, and zmust be real or integer values.
RECTTOSPHERER(1, 2, 3) returns3. 7416573867739
RECTTOSPHERER(1, 1, 1) returnsil. 7320508075689
Returnsareal vaue.

SPHERETORECTX, SPHERETORECTY, SPHERETORECTZ, RECTTOSPHEREAL,

RECTTOSPHEREA2, RECTTOPOLARA, RECTTOPOLARR, POLARTORECTX,
POLARTORECTY

The real remainder of x/y. ReturnsOif y=0
xand y must be real or integer values.

REMAI NDER( 110. 0, 25.0) returns10.0
REMAI NDER( - 124, 25) returns- 24. 0

REMAI NDER( - 100, 0) returnso. 0

Returns areal value.

MODULG, | DI V
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RIGHTSTRING(S, X)
Returns:

Constraints:

Examples:

Range:
See also:

ROQOT(x, )
Returns:

Constraints:

Examples:

Range:

See als0;

ROUND(x)
Returns:

Constraints:

Examples:

Range:
See also:

RRAND(X, y)
Returns:

Constraints:

Examples:

Notes:

Range:
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The rightmost substring from s of up to x characters.
smust be a string or char argument, and x must be an integer value.

RI GHTSTRI NG "Probability theory", 6) returns the string
t heory

RI GHTSTRI NG( " Smal | ", 4) returnsthe string mal |
RI GHTSTRI NG " Smal | ", 20) returnsthe string smal |
Returns a string value.

LEFTSTRI NG, SUBSTRI NG

The yth root of x, x.

x and y must be integer, real, or complex arguments.
ROOT( 100, 2) returns10.0

ROOT( 100, -2) returnso. 10

ROOT(-1, 2) returns an error; but, ROOT(-1+0i, 2) returns
0. 00000+1. 00000i

Returns a real value for real or integer arguments, and a complex
valueif any argument is complex.

PONER, SQRT

x rounded and returned as the nearest integer.
xisared or integer argument.

ROUND( 1. 9) returns 2

ROUND( 2. 0) returns 2

ROUND( 1. 5) returns 2

ROUND( - 1. 5) returns- 2

Returns an integer value.

FRAC, CEI L, | NT, FLOOR, TRUNC

A real random number from x toy.
xandy are real arguments.
RRAND(5. 0, 10.0) return avaue uniformly drawn from 5 to 10.

RRAND( 10. 0, 5.0) will return a value uniformly drawn from 5 to
10.

Before RRAND or other random number functions can be used, the
value of RANDOVBEED must be set to a positive constant.

Returns an integer from xtoy.
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See also:
RTOD(x)

Returns:

Constraints:

Examples:

Range:

See also:
SFEC(X)

Returns:

Constraints:

Examples:

Range:

See also:
SECH(X)

Returns:

Constraints:

Examples:

Range:

See als0;

SETRANSFORM(X)
Returns:

Constraints:

Examples:
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RAND, | RAND, procedure SEED, RANDOVSEED

Radians from degrees, 180x/p.

X isaninteger or real expression.
RTOD( 0. 5) returns 28. 647889756541
RTOD( Pl) returns 180. 0

Returns area value

DTOR

The secant of x.

X isan integer, real or complex argument.
SEC(0) returns1.0

SEC( - 00) returnso. o

SEC(-1) returns 1. 8508157177

SEC(1 + 0.5i) returns 1.08127+0. 77819i

Returns a rea value for an integer or real argument. Returns a
complex value for a complex argument.

CSC, SECH, SI N, CCs

The hyperbolic secant of x.

X isan integer, real or complex argument.
SECH( 0) returns1.0

SECH( - 0o) returnso. 0

SECH(- 1) returns 0. 6480542737

SECH(1 + 0.5i) returns 0.62949- 0. 26190i

Returns a real value for an integer or real argument. Returns a
complex value for a complex argument.

SEC, CSCH

The standard error of expression x given the current parameter
estimates and the variance-covariance matrix.

X is an expression that includes free parameters within a MODEL
Statement.

The following MODEL statement will estimate and then plot the result
of alogistic regression with standard errors.
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MODEL {returns standard errors for a |ogistic regression}
DATA
PDF BERNOULLI TRI AL( out cone)
PARAM p LON = -100 HIGH = 100 START = 0 FORM = LOG STIC
COVAR age PARAM b_age LOW = -100 HI GH = 100 START = 0 END
END {parant
END {bernoul litrial}
END {dat a}
RUN
FULL THEN
PLOT
CURVE
x =1TO50 x, LOASTIC(p + x * b_age)
END {curve}
CURVE W TH "errorbars"
x =1TO50 x, LOGSTIC(p + x * b_age),
SETRANSFORM LOGI STIC(p + x * b_age))
END {curve}
END {pl ot}
END {full then}
END {rmodel }

Range: Returnsareal vaue.

Notes: This function must be caled within a MODEL..END statement.

Furthermore, the variance-covariance matrix must be computed and
cannot be singular. The expression x must be a full expression that
includes a least one of the free model parameters (or else the
standard error will be zero).
This function works by first computing (numericaly) an array of
partial derivatives of the expression with respect of each of the N
free parameters in the model, d = (dx/dp,, dx/dp,, . . dx/dpy). Next,
the standard error is computed as /d'Vd , where V is the variance-
covariance matrix.

See also: Statements MODEL and PLOT, procedure PTRANSFORM

SGN(X)

Returns: 1lifx>0,0if x=0, or -1, if x <0 for integer and real arguments.

Returns the complex sgn(x) function + i for
JaZ+b®  Ja+b’
complex argument x = a + bi

Constraints: X isan integer, real, or complex argument.

Examples: SGN\(3) returns 1
SG\(0) returnso
SG\( - 2) returns-1
SG\( - 3i ) returns0. 00000- 1. 00000i
SG\( 3i ) returns0. 00000+1. 00000i
SG\(-2 + 3i) returns-0.5547+0. 83205i

Range: Returns an integer from —1 to 1 for integer and real values. Returnsa
complex valuefrom-1£a£ 1, -1 £ b £ 1 for complex argument x =

a+hi
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See als0;

HIFTLEFT(X, y)
Returns:

Constraints:

Examples:

Range:
See also:

HIFTRIGHT(X, y)
Returns:

Constraints:

Examples:

Range:
See also:

SGN(X, y)
Returns:

Constraints:

Examples:

Range:

See also:
SIN(X)

Returns:

Constraints:

Examples:

Range:

See als0;
SINH(X)
Returns:
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S| GN, DELTA, HEAVI SI DE

Shifts bits of x to the left by y binary positions.

xand y areintegers

SHI FTLEFT(1, 5) returns 32
SHI FTLEFT(2, 10) returns2048
Returns an integer value.

SH FTRI GAT

Shifts bits of x to the right by y binary positions.

xand y areintegers

SHI FTRI GHT( 32, 5) returns1
SHI FTRI GHT( 2048, 10) returns?2
Returns an integer value.

SHI FTLEFT

x with the same sign asy.

x and y are an integer or real arguments.
SI GN(- 234, 1) returns234

Sl G\(234, 0) returns 234

Sl GN\(- 234, 0) returns234

SI GN(234, -1) returns- 234

Returns avalue that is the same type as x.

SGN, NEGATE

The sine of angle (in radians) x
X isan integer, real or complex argument.

SIN(PI) returns 0.0

SIN(PI/2) returns 1.0
SIN(PI / 2+0i ) returns 1. 0+0i

Returns a real value for integer or real arguments.
complex value for complex arguments.

CCS, TAN, ARCSI N

The hyperbolic sine of x.
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Constraints:

Examples:

Range:

See als0;
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X isan integer, real or complex argument.
SINH( 1) returns1. 1752011936438

SI NH( 0) returnso. 0

SINH(- 1) returns- 1. 175201193644

Returns a real value for integer or real arguments. Returns a
complex value for complex arguments.

CGOSH, SI N, ARCSI NH

SPHERETORECTX(r, al, a2)

Returns:

Constraints:

Examples:

Range:
See also:

Rectangular x from 3 spherical coordinates, radius r, angles (in
radians) al and a2.

r,al, and a2 arerea or integer values.
SPHERETORECTX(1, PI, Pl) returnso
SPHERETORECTX(1, Pl/4, PI/4) returnso.5
Returns areal vaue.

SPHERETORECTY, SPHERETORECTZ, RECTTOSPHERER, RECTTOSPHEREAL,

RECTTOSPHEREAL, RECTTOPOLARA, RECTTOPOLARR, POLARTORECTX,
POLARTORECTY

SPHERETORECTY(r, al, a2)

Returns:

Constraints:

Examples:

Range:
See also:

Rectangular y from 3 spherical coordinates, radius r, angles (in
radians) al and a2.

r, al, and a2 arered or integer values.
SPHERETORECTY(1, PI, Pl) returnso
SPHERETORECTY(1, PI/4, PI/4) returnso.5
Returns areal vaue.

SPHERETORECTX, SPHERETORECTZ, RECTTOSPHERER, RECTTOSPHEREAL,

RECTTOSPHEREAL, RECTTOPOLARA, RECTTOPOLARR, POLARTORECTX,
POLARTORECTY

SPHERETORECTZ(r, al, a2)

SQR(X)

Returns:

Constraints:

Examples:

Range:
See also:

Returns:

Rectangular z from 3 spherical coordinates, radius r, angles (in
radians) al and a2.

r,al, and a2 arered or integer values.

SPHERETORECTZ(1, PI, Pl) returns-1

SPHERETORECTZ(1, PI/4, PlI/4) returns0. 7071067811865
Returns areal vaue.

SPHERETORECTX, SPHERETORECTY, RECTTOSPHERER, RECTTOSPHEREAL,

RECTTOSPHEREAL, RECTTOPOLARA, RECTTOPOLARR, POLARTORECTX,
POLARTORECTY

x squared, X*
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Constraints:

Examples:

Range:
See also:
SRRT(X)

Returns:
Constraints:

Examples:

Range:
See also:

STANDARDIZE(x, m S)

Returns:

Constraints:

Examples:

Range:
STRINGLEN(S)
Returns:

Constraints:

Examples:

Range:
STRING2INT(S)
Returns:

Constraints:

Examples:

Range:
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X isan integer, real, or complex value.

SQR(PI) returns9. 8696044010894

SQR(10) returns100. 0

SQR( - 5) returns25. 0

SQR(-5 + 3i) returns16. 0000- 30. 0000i

Returns areal value for real or integer x and complex for complex x.

PONER

The square root of x, Ox

x3 0.

SQRT(100) returns10.0

SQRT(25) returnss. 0

Returns area valuefor real or integer x and complex for complex x.
ROOT

A vaue for x standardized by location parameter m and scale
parameter s, as (X —nj/s.

s 3 0, al arguments arereal or integer.
STANDARDI ZE(1, 2, 1) returns-1.0
STANDARDI ZE(1, 1, 1) returnso. o
STANDARDI ZE(2, 1, 1) returnsi.o0
Returns areal value.

The length of string s

sisastring or char argument.

STRI NGLEN( " 1234") returnsthe integer 4

STRI NGLEN( " abcdef ghi j ") returnsthe integer 10
Returns a non-negative integer value.

An integer number from string s

sisastring or char argument.

STRI NG| NT("-124") returnsthe integer - 124
STRI NG| NT(" 0r MCMXI V') returns the integer 1914
STRI N&I NT("xyz") resultsin an error

Returns an integer value.

78



See als0;

STRING2REAL(S)
Returns:

Constraints:

Examples:

Range:
See also:

STUDENTT(x, df)
Returns:

Constraints:

Examples:

Range:
See also:

SUBSTRING(S, X, Y)
Returns:

Constraints:

Examples:

Range:

See als0;

SUBTRACT(X, y)
Returns:

Constraints:

Examples:

Range:

See als0;
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STRI NG2REAL, TOBASE

A real number from string s

sisastring or char argument.

STRI N&REAL("-124. 73") returnstherea value - 124. 73
STRI NG2REAL( " 0r MCMXI V') returnsthereal value 1914. 0
Returnsareal vaue.

STRI NG2I NT, TOBASE

The upper tail area (beyond x) of a Student’s t distribution with df
degrees of freedom.

x30,df>0

STUDENTT( 3. 078, 1) returns0. 0999903817
STUDENTT( 2. 750, 30) returns0. 0049999472
Returns areal value between 0.0 and 1.0.

FDI ST, CH SQ | NVSTUDENTT

A substring from string s, beginning in position x and length y.
sisastring, and x and y are integers.

SUBSTRI NG "Probability theory", 5, 7) returns the string
ability

SUBSTRI NG " Smal | ", 10, 5) returnsthe empty string (" ")
SUBSTRI NG " Smal | ", 2, 20) returnsthe string mal |

Returns a string. An empty string isreturned if X£ 0, y £ Oor if xis
an empty string.

LEFTSTRI NG, Rl GHTSTRI NG

x—Yy. Thisisthe functional form of the algebraic x—vy.
x and y are integer, real or complex arguments.
SUBTRACT( 10, 2) returns8

SUBTRACT(- 10, 2) returns-12

SUBTRACT( - 10+4i, 2-3i) returns - 12. 000+7. 00000i

Returns an integer if both arguments are integers. A real value is
returned if at least one argument is real and the other is real or
integer. A complex number is returned if either argument is
complex.

ADD
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TAN(X)
Returns:
Constraints

Examples:

Range:

See als0;

TANH(X)
Returns:

Constraints

Examples:

Range:

TOBASE(X, b)
Returns:

Constraints:

Examples:

Range:
See also:

TOLOWER(S)
Returns:

Constraints:

Examples:

Range:
See also:

TOUPPER(s)
Returns:

Constraints:

Examples:
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The tangent of angle (in radians) x.
X isan integer, real or complex argument.

TAN( DTOR( 45) ) returns 1. 0

TAN(0) returnso

TAN( pi / 2) returns +oo
TAN(1/2 + 1i) returnso. 19558+0. 84297i

Returns a real value for integer or real arguments.
complex value for complex arguments.

SI N, CCS

The hyperbolic tangent of x.

X isan integer, real or complex argument.

TANH( 0) returnso

TANH( 1) returnso. 7615941559558
TANH(1 + 0.5i) returns 0.84297+0. 19558i

Returns a real value for integer or real arguments.
complex value for complex arguments.

A string with integer x in base b.

xisan integer, b can be any base from 2 to 36
TOBASE( 39, 2) returnsthe string 100111
TOBASE(47, 16) returnsthe string 2F
Returns a string value.

Number formats

A string in lower case.

sisastring or char argument

TOLONER(" A STRING') returnsthestringa string
TOLOMER(' A + 'b') returnsthe string ab
Returns a string value that is the same length as s.

TOUPPER

A string in upper case.
sisastring or char argument

TOUPPER("a string") returnsthe string A STRI NG
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Range:
See also:

TRIM(S)
Returns:

Constraints:

Examples:

Range:
See also:

TRIML(X)
Returns:

Constraints:

Examples:

Range:
See also:

TRIMR(X)
Returns:

Constraints:

Examples:

Range:
See also:

TRUNC(X)
Returns:

Constraints:

Examples:

Range:
See also:

WEEKDAY(X)
Returns:

Constraints:
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TOUPPER(' A + 'b") returnsthe string AB
Returns a string value that is the same length as s.

TOLOVER

A string with leading and trailing spaces removed.
sisastring or char argument

TRIM" a string ") returns"astring"

TRIM" ") returns"" (empty string)

Returns a string value that is not longer than s.

TRI M., TRI MR

A string with leading spaces removed.

sisastring or char argument

TRIM.(" a string ") returnsthestring"a string "
TRIM.(" ") returnsthe empty string ("")

Returns a string value that is not longer than s.

TRIM TRI MR

A string with trailing spaces removed.

sisastring or char argument

TRIMR(" a string ") returnsthestring” a string"
TRIMR(" ") returnsthe empty string (*")

Returns a string value that is not longer than s.

TRIM TRI M.

X truncated to an integer.
xisared or integer value
TRUNC( 1. 0) returns 1
TRUNC( 2. 8) returns 2
TRUNC( - 2. 5) returns- 2
Returns an integer value.

ROUND, FRAC, CEI L, | NT, FLOCR

A numerical day of the week (Sun=1 Mon=2...) for Julian day x.

X isaninteger value
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Examples:

Range:
See also:

XORF(x, y)
Returns:

Constraints:

Examples:

Range:

See dso

YEARDAY(X)
Returns:

Constraints:

Examples:

See also:

Range:

Bugs:
ZETA(X)

Returns:

Constraints:

Examples:
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WEEKDAY( DMYTQJ( 01, 01, 2000)) returns7 (Saturday)

WEEKDAY( DWTQJ( 15, 01, 2001)), M.L. King Jr.'s birthday, returns
2 (Monday).

Returns an integer value from 1to 7.

Seealso:  JULI AND, JULI ANM JULI ANY, YEARDAY, DMWY TQJ

Logical or boolean xor function. Thisisthe functional from of x XOR
y.

x and y are integers or both boolean values.

XORF( TRUE, TRUE) returns FALSE

XORF(FALSE, FALSE) returns FALSE

XORF( TRUE, FALSE) returns TRUE

XORF(2x010101, 2x000111) returns 18 (2x010010)

If both x and y are integer variables or constants, ORF(x, y) returns
the bitwise (logical) or of the two numbers. If x and y are boolean
variables or constants, ORF(x, y) returns the boolean AND of the two
numbers.

ORF, NOTF, ANDF

Day of the year (1-jan =1...) for Julian day x.

X isaninteger

YEARDAY(DMYTQJ( 01, 01, 2000)) returnsi

YEARDAY( DMYTQJ( 30, 06, 2000)) returns 182

Seealso:  JULI AND, JULI ANM JULI ANY, WEEKDAY, DMYTQJ
Returns an integer value from 1 to 366 for valid arugments.

The function crashes for some very old dates (B.C.)

g 1

The Riemann’s Zeta function, z(X) = é —, for real and complex
ke K

arguments.

X isaninteger, real, or complex value
ZETA(0) returns—0. 50000

ZETA( 1) returnsoo

ZETA( 0. 5) returns-1.460354509

ZETA(1 + 0.5i) returns 0.57843-1.96355i
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Notes:

Range:
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The function is evaluated using the second algorithm described by
Borwein (1995). The agorithm uses a 30 term polynomial
expansion that provides about 39 digits of precision.

Returns a real value for integer or real arguments. Returns a
complex value for complex arguments.
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Chapter 6
Special functions

This chapter documents the special functions available in mle. Special functions
are called such because their syntax is more complicated than that of simple
functions. Special functions also have optional arguments.

Special Functions Reference

DATA

The DATA function is used to loop through data variables. Usualy the
DATA. . . END function "feeds' observations, one at a time, to the likelihood,
corresponding to the product (O) over all observations shown in likelihoods (or
the S shown in loglikelihoods).

Note that the DATA statement is not the same as the DATA function. The two are
used together. The DATA statement is used to read data in from afile, whereas the
DATA function loops through the data observations, and tallies a sum or product.

The syntax of the DATA function is

END

DATA <optional _forms
<expr essi on>

The effect of the DATA statement is to loop through each observation read in by
the DATA statement, and form a sum or product of the <expression>. When used
in alikelihood model, the DATA. . . END function returns the total logloglikelihood
or total likelihood, given a series of observations and an expression for an
individual likelihood or individual loglikelihood.

<expression> is an integer or real expression that uses a data variable. A result is

returned from <expression> for each data observation. The results
over the entire data set are summed or taken as a product (see
<optional_form>).

<optional_form> determines how the results are “tallied.”
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FORM = SuM.L: This takes the log after evaluating each
<expression> and cumulatively sums over all observations. When
used within a likelihood model, a likelihood (rather than a
loglikelihood) is specified for <expression>. This is the default
value if no <formtype> is specified. The DATA function using this
form is equivalent to the function

LOG( <expr essi on>)
END

SUMMATION D I DX (1, N_OBS)

The predefined variable D IDX serves as a global index
for data vari abl es, and N OBS is the count of
observations read by the DATA statenent.

FORM = SUM or FORM = SUMVATION: Curul ates sum after
eval uati ng each <expression> over all observations. The

natural log of <expression> is not taken. Hence, when
used in likelihood nobdels, a loglikelihood rather than a
likelihood is specified for <expression>. The DATA

function using this formis equivalent to the function

<expr essi on>
END

SUMMATION D I DX (1, N_OBS)

FORM = PROD Or FORM = PRODUCT: Takes the product after evaluating
<expression> over al observations. The natural log of <expression>
is not taken. Hence, when used in a likelihood model, a likelihood
(rather than a loglikelihood) is specified for <expression>. The
DATA function using this form is equivaent to the function

<expr essi on>

PRODUCT D _IDX (1, N_OBS)

END
See also: Additional details and examples can be found in the M odel chapter
of the User’s manual. The LEVEL and LEVELDELTA specia functions
work with the DATA function to create nested likelihoods. Related
special functions are PRODUCT and SUMVATI ON.
DERIVATIVE

The DERI VATI VE function computes the numerical value of a function’s
derivative at a particular point. The result isreturned as aREAL humber. Formats
for the statement are:

DERI VATI VE <vari abl e>
DERI VATI VE <vari abl e>

DERI VATI VE (<expr4>) <vari abl e>
DERI VATI VE (<expr4>) <vari abl e>

= <expr1l>, <expr2> END

= <expr1>, <expr2>, <expr3> END

<expr 1>, <expr2> END

<expr 1>, <expr2>, <expr3> END

<variable>
<exprl>

<exprzZ>

is the variable of differentiation.
isthe point at which the derivative is evaluated.
is the function that will be differentiated.
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is an optional argument that is the largest value of dx to begin with.
If <expr3> is not given, an initial value for dx of 0.001 is used,
which is reasonable for a wide range of functions. (This default
value can be changed by changing the value of the variable
D FF_DX). In finding the derivative, successively smaller values of
dx are used until reasonable precision is reached.

For example, DERI VATI VE x = 1, SIN(x) END computes the value
of the derivative a x = 1 for the function sin(x); it returns
-0.841470984808.  This derivative requires about 4 function
evaluations with an initial dx = 0.001. If dx ischangedto 0.1, asin
DERI VATIVE x = 1, SIN(x), 0.1 END, the same answer is found
after 14 function evauations. Likewise, if dx is set to 1E-7, 6
function evaluations are required.

is an optional argument, enclosed within parentheses, that specifies
the degree of differentiation. If this value is not given or is£ 1, a
first degree derivative will be found [i.e. f(x)]. Higher degree
derivatives are found if the forth expression is specified and are
greater than one. For example, SIN(X)’" evaluated at x = 1 isequa to
-SIN(1) which is about -0.841470984808. The expression
DERI VATIVE (2) x = 1, SIN(x) END returns the same numerical
result.

High order derivatives tend to lose numerical precision. This can be
seen in the following series, which should all evaluate to 24.0:

DERI VATI VE (1)
DERI VATI VE (2)

DERI VATI VE (3)
DERI VATI VE (4)

X X X X
mwou mnn

PR PR

24*x END returns 24. 000000000000
12*x~2 END returns 23. 999999999998

4*x~3 END returns 24. 000000000455
x4 END returns 24.000026132114

Reference;

FINDMIN

The derivative function finds numerical estimates at a point using an
adaptive algorithm similar to that described by Ridders (1982).

The FINDM N function iteratively finds the argument value that minimizes a
bounded function, and returns the result as a REAL number. The function can be
used to maximize a function by simply negating the expression to be maximized
(<expr>). Formats are:

FI NDM N <vari abl e>
FI NDM N <vari abl e>
FI NDM N <vari abl e>
FI NDM N <vari abl e>

(<expl>, <exp2>) <expr> END

(<expl>, <exp2>, <expr3>) <expr> END

(<expl>, <exp2>, <expr3>, <expr4>) <expr> END

(<expl>, <exp2>, <expr3>, <expr4>, <expr5>) <expr> END

<variable>

<eXpr>

<exprl>

is the argument that is changed to find the function minimum. This
variableis required.

is the function for which the minimum is to be found. This
expression isrequired.

is the minimum boundary of the function. This expression is
required.
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Reference:
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is the maximum boundary of the function. This expression is
required.

isastarting value of <variable>totry. Thisexpression isoptional.
The midpoint between <exprl> and <expr2> will be used if
<expr3> is not specified.

is an optional desired precision of the solution. This expression is
optional. If the forth expression is not given, its value will taken
from the global variable FI ND_EPS.

is an optional maximum number of iterations alowed in finding the
solution. If <expr5> is not given, the value will be taken from the
global variable FI ND_I TERS.

FINDM N x (0, 2*Pl) COS(x) END returns 3.1415925395570 (p is
an exact solution).

A more precise solution (but one that takes longer to find) is found
by FINDMN x (0, 2*PI, 1, 1E-15) COS(x) END which returns
3.1415926535713.

The FI NDM N function uses a one-dimensional bounded method by
Brent (1973), and algorithms derived from Press et a. (1989).

The FI NDzERO function iteratively finds the argument for which a bounded
function iszero. Formats are:

FI NDZERO <vari abl e> (<expr 1>, <expr2>) <expr> END
FI NDZERO <vari abl e> (<expr 1>, <expr2>, <expr3>) <expr> END
FI NDZERO <vari abl e> (<expr 1>, <expr2>, <expr3>, <expr4>) <expr> END

<variable>

<expr>
<expr1>
<exprz2>

<expr3>

<expr4>

Example:

is the argument that is changed to find the zero value of the function.
is the function to find zero for.

is the minimum boundary of the function.

is the maximum boundary of the function.

is an optional precision of the solution. If the third expression is not
given, its value will taken from the global variable FI ND_EPS.

is an optional maximum number of iterations allowed in finding the
solution. If the forth expression is not given, the value will be taken
from the variable FI ND_| TERS.

FI NDZERO x (0, PlI) COS(x) ENDreturns 1.5707963267949, which
isthe correct value of p/2.

FI NDzERO works for well-behaved functions that have a single
continuous zero within the bounds. For example, cos(x) goes to zero
for four different x values in the interval [0, 4p]. FI NDZERO x (O,

4*Pl) COS(x) END returns 10.995574287564 (and may return other
solutions depending on hardware and some variable values).
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Another pathologica example is functions with no zero in the
specified interval. For example, cos(x) has no value of zero in the
interval [2p/3, 4p/3]. FI NDZERO x (2*PI/3, 4*Pl/3) COS(x) END
returns the value 2p/3; thisis the closest value to zero found.

Reference: FI NDZERO uses an algorithm developed by Brent (1973) to find the
zero of a function. The agorithm will always find a zero of a
function provided <exprl> and <expr2> encloses one zero. The
algorithm is modified from Press et a. (1989).

IF ... THEN

The | F.THEN..ELSE..END function returns a value based on one or more
conditions. The simplest format for the | F function is

| F <bool ean_expr> THEN
<expr 1>

ELSE
<expr 2>

END

<boolean_expr>  returns a boolean value (TRUE or FALSE). If the boolean function
evaluates to TRUE then the first expression <expr1> will be evaluated,
and returned as the value of the | F function. If the boolean function
returns FALSE, the second expression <expr2> will be evaluated and
returned as the result of the I F function.

The conditionally selected expression may be another | F function, so
that multiple I F. . . THEN. . . ELSE functions may be nested:

| F <bool ean_expr 1> THEN
<expr 1>
ELSE
| F <bool ean_expr 2> THEN
<expr 2>
ELSE
| F <bool ean_expr 3> THEN
<expr 3>
ELSE
<expr4>
END {3%if...else}
END {2 if...else}
END {1°t if... else}

An adternative to this is to use a series of ELSEIF <bool ean
expressi on> THEN <expr essi on> with the basic | F function. The
above example can be written

| F <bool ean_expr 1> THEN
<expr 1>

ELSEI F <bool ean_expr 2> THEN
<expr 2>

ELSEI F <bool ean_expr 3> THEN
<expr 3>

ELSE
<expr 4>

END

Examples: Here are some examples of I F functions used in assignment
statements:
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ELSE

END {if}

1

ELSE
1
END

ind = IF (a2 > 12) OR (a = 0) THEN a*2 ELSE 0 END

message = | F not valid THEN
"The result is not valid"

"The result is valid"

status = | F height < 48 THEN

ELSElI F (hei ght >= 48) and (hei ght <= 60) THEN
0

Notes:

INTEGRATE

The 1 F function should not be confused with the | F statement, even
though they look very similar. In the above example, the | F function
returns a value as the right-hand side of an assignment statement. An
I F function always returns a value, and can be used in the same
context as, for example, a SIN() or an 1 SEVEN() function. ThelF
statement does not return avalue. Rather, it controls whether or not
one or more sets of statements will be executed. An | F statement
can only be used in contexts where another statement can be used.

The 1 NTEGRATE function does numerical integration in one dimension. The
integration method can be changed, and the user is given control over the
precision of the solution with some methods. Typically, | NTEGRATE is used to
integrate a likelihood over some distribution of unmeasured heterogeneity or to
renormalize an improper density function. Two formats of | NTEGRATE are

<expr essi on>
END

| NTEGRATE <variable> ( <lower_limt>, <upper_limt>)
<expr essi on>
END
and
| NTEGRATE <vari abl e_name> ( <lower_limt>, <upper_limt> <tolerance>)

<variable_name>

is the name of a variable of integration (type REAL), which can be
referenced within the expression.

<expression> is the integrand, and can be any legal real or integer expression (including,

<lower_limit>

<upper_limit>

<tolerance>

perhaps, more | NTEGRATE functions).

is the lower limit of integration. This expression is evaluated once,
just prior to integration, and must return an integer or rea result.
The resulting value is then constant during the integration operations.

is the upper limit of integration. This expression is evaluated once,
just prior to integration, and must return an integer or real result. The
resulting value is then constant during the integration operations.

is an optional argument that defines the precision to which the
solution will be found. It must be areal expression.
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Example: Consider a model in which observed exact times (t) to failure are
distributed according to a Weibull PDF, f(t). In addition we model a
distribution of unmeasured heterogeneity, g(2) ~ N(0, s,°). Assume
that the effect of z on f(t) isloglinear on a, so that the first parameter
of the Gompertz distribution isa’=a€”. Thelikelihood is:

N 25
L=0 09(z|0,s,) f (t; | ae*,b)dz
i=1 .25
In this model, we would like to estimate the parameters a, b, and s,

from a series of observations. The mle MODEL statement for this
model is

MODEL
DATA
| NTEGRATE z (-25, 25)
PDF NORMAL( z) {g(z): heterogeneity}
0, PARAM's LOW= 0.0001 HHGH = 5 START = 1 END
END {pdf nornal}

*

PDF GOVPERTZ(t) {f(t): distribution of failures}
PARAM a LOAM:0.0 HI GH=0.9 START=0.073 FORM=LOGLI N
COVAR z 1

END {param a}
PARAM b LOW= 0.0001 HIGH=1.4 START = 0.5 END
END { pdf Gonpertz}
END {integrate}
END { dat a}
RUN
FULL
END {nodel }

Notes: The | NTEGRATE function is particularly useful for

(1) estimating distributions of unmeasured heterogeneity as shown in
the example

(2) estimating multilevel models for which one can integrate out the
non-independence of observations

(3) dealing with left or left-interval censoring as is described in the
Examples chapter

(4) computing survivorship in custom likelihood when a closed form
is not available for the PDF

(5) Numerical evaluation of the mean, variance, or other moments of
afunction.

It should be kept in mind that numerical integration is difficult and
time consuming—particularly for nested integrals. One useful trick
for successful integration is to set the limits of integration as narrow
as possible without “shutting out” non-zero areas of the function to
be integrated. In the above example, the limits of integration were
set to +25, because even with s = 5, the area under the distribution
outside these limitsisignorable. An even better strategy is to use the
PREASSI GN function to define the parameter s, and then compute an
appropriate upper and lower limit for the integration:
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MODEL
DATA
PREASSI GN

BEG N
sigma = PARAM's LOW= 0.0001 HHGH = 5 START = 1 END
upper _Iim = 5*si gma
lower _|im= -upper_lim

END

| NTEGRATE z (upper_lim lower_lim
PDF NORMAL(z) O, signma END
* PDF GOMPERTZ(t)
PARAM a LOA:0.0 HI GH=0.9 START=0.073 FORM=LOGLI N
COVAR z 1
END { param a}
PARAM b LOW= 0.0001 HIGH=1.4 START = 0.5 END
END {pdf Gonpertz}
END {integrate}
END { preassi gn}
END { dat a}
RUN
FULL
END {nodel }

mle currently provides four different methods for performing
numerical integration. Each method has its strengths and
weaknesses.

Adaptive quadrature. This is the default method, and it can be
defined by setting | NTEGRATE_METHOD = | _AQUAD. The method is
an eight point adaptive quadrature integration routine adapted from
the routine QUANCS (Forsythe et a. 1977). The method will
recursively integrate the function until a specified precision is
reached. Precision is defined by changing the | NTEGRATE TOL
constant. By default | NTEGRATE_TOL = 0.000001. This method
works well for relatively smooth functions, and is probably the best
general integration routine incorporated into mle.

Smpson. This method uses Simpson’ s rule to evaluate integrals to a
predefined tolerance, and is defined by setting | NTEGRATE_METHOD =
I _SI MPSON.  The method is adapted from the routine QSIMP (Press
et al. 1986). The function will be integrated until a predefined
precision is reached or a maximum number of iterations are reached.
Precision is defined by changing the | NTEGRATE_TOL constant. By
default | NTEGRATE_TOL = 0.000001. The maximum number of
iterations is set with the constant | NTEGRATE N and is 100 by default.
This method is useful for smooth functions.

Closed trapazoidal. This method uses a brute force extended
trapazoidal function to evaluate integrals. The function to be
integrated must be evaluable at the limits of integration; otherwise
the opened trapazoidal should be used. The method is defined by
setting | NTEGRATE_METHOD = | _TRAP_CLOSED. The extended
trapazoidal rule will be evaluated at a predefined number of equally
spaced points defined by | NTEGRATE_N (the default is 100). The
minimum allowable steps is eight. The method does not provide an
error tolerance. This brute-force method is useful for functions that
are not smooth enough for adaptive quadrature or Simpson.
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| _TRAP_CLOSE uses a closed extended Simpson's rule, so that the
endpoints are evaluated. Theformulais

117

° al 48
f (t)dlt
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—

where N is the number of subdivisions (I NTEGRATE N), and t; = a +
(i-1)(b —a)/N. The error ison the order N™.

Open trapazoidal. This method is similar to the closed trapazoidal
method, except that the function to be integrated is never evaluated
a the limits of integration. The method is defined by setting
| NTEGRATE_METHOD = | _TRAP_OPENED. | _TRAP_CPEN USES an open
extended Simpson's rule, so that the endpoints are never evaluated.
Theformulais
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where N is the number of subdivisions (I NTEGRATE N), and t; = a +
(i-1)(b —a)/N. The error is on the order N™.

LEVEL

The LEVEL function works in conjunction with the DATA function. It provides a
mechanism by which multilevel or hierarchical models can be constructed. The
syntax of the LEVEL function is

LEVEL <bool ean_expr> THEN <opti onal _f orne
<expr essi on>
END

The effect of the level statement is to test <boolean_expr> for each observation
and, while the condition is true, form a product of likelihoods out of the
observations.

<boolean_expr> isan expression that returns true or false for each observation in the
data set. If the result is true, <expression> is evaluated and
multiplied by the current product (or summed—see <optional
form>). If the result is false, the function exits and returns the
current product or sum.

<expression> is an integer or real expression that uses a data variable. A result is
returned from <expression> for each data observation. The results
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over the entire data are taken as a product (or summed—see
<optional fornt>) while <boolean_expr> istrue.

are described for the DATA function on page 85. The default form for
the LEVEL function is PRODUCT. Hence, by default a likelihood is
being formed (not a log-likelihood, which is the default for the DATA
function).

More information on the LEVEL statement can be found in the M odel
chapter of the User’s manual. The DATA and LEVELDELTA special
functions are closely related functions used to create nested
likelihoods.  Other related specia functions are PRODUCT and
SUMVATI ON.

The LEVELDELTA function works in conjunction with the DATA function. It
provides a mechanism by which multilevel or hierarchical models can be
constructed. The LEVELDELTA function is very similar to the LEVEL function. The
syntax of the LEVELDELTA function is

<expr essi on>
END

LEVELDELTA <expr1> THEN <opti onal _f ornm>

The effect of the LEVELDELTA function is to evaluate <expression> for each
observation and, while the expression does not change, form a sum or product of
likelihoods out of the observations.

<exprl>

<expression>

<optional_form>

See als0;

is a numeric expression. As the LEVELDELTA loops through the data
set, a series of observations that return the same vaue for this
expression are treated as belonging to the same level. If so,
<expression> is evaluated and multiplied by the current product (or
summed—see <optional form>). If not, the function exits and
returns the current product or sum. LEVELDELTA can be used, for
example, to cumulate a likelihood (or loglikelihood) for an
individual with repeated observations, groups of individuals that are
part of the same cluster, etc. <expr1> isfrequently an individual’s ID
number or a group identifier.

is an integer or real expression that uses a data variable. A result is
returned from <expression> for each data observation. The results
over the entire data are taken as a product (or summed—see
<optional forn>) while <expr> evaluates to the same value.

are described for the DATA function on page 85. The default form for
the LEVELDELTA function is PRODUCT. Hence, by default alikelihood
is being formed (not a log-likelihood, which is the default for the
DATA function).

More information on the LEVELDELTA statement can be found in the
Model chapter of the User’'s manual. The DATA and LEVEL special
functions are closely related functions used to create nested
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likelihoods.  Other related specia functions are PRODUCT and
SUMVATI ON.

PARAM

mle has a general method for defining all parameters to be used in a likelihood
model." The PARAM function defines a parameter and its characteristics. When
models are “solved”, free parameters are estimated by iteratively plugging new
values in for those parameters until the values that maximize the likelihood are
found. In other words, free parameters are values that are to be estimated by mle
—they are the unknowns in likelihood models. If the parameter is not
constrained to some fixed value in the RUN part of the model statement, mle will
estimate the value of that parameter.

Covariate effects (and their associated parameters) can be modeled within the
parameter statement, aswell. Parameters are specified as

PARAM x HI GH = <expr> LOW = <expr> START = <expr> TEST = <expr>..END

or

PARAM x HI GH = <expr> LOW = <expr> START = <expr> TEST = <expr>
COVAR <expr> PARAM 1z ...END
END {paramnt

Five characteristics can be set for each parameter. They are: 1) the highest
possible value that can be tried for the parameter, 2) the lowest possible value
that can be tried for the parameter, 3) the starting guess to help mle out from the
start, and 4) atest value against which the parameter will be tested when standard
errors are computed, and 5) the form for a parameter.

H GH This is the highest value of the parameter that is permitted. This
value constrains the parameter and also determines the maximum
limit for generating confidence intervals.

LOW This is the lowest value of the parameter that is permitted. This
value constrains the parameter and also determines the minimum
limit for generating confidence intervals.

Use care when setting the H GH and Lowlimits. Most importantly,
limits must be constrained to valid ranges for the intrinsic parameter.
Thus, for the M X mixing proportion (the first of the three arguments;
see function M X) then, HI GH = 1 and Low = 0, should be defined as
is appropriate for a probability—unless some FORM like FORM =
LOd STI C is used to constrain the resulting parameter to between 0
and 1. Sometimes it is useful to impose narrower limits, perhaps to
avoid getting hung-up at a local maximum or to solve the model
more quickly. Be careful, though. Limits that are too narrow may
exclude the global maximum—after all, the best parameter estimates

! The word parameter is used in avery specific way, as defined in Chapter 1 of the User’s Manual. Parameters are the
quantities to be estimated in alikelihood model
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for a set of data are presumably unknown. Excessively narrow limits
may cause problems when numerical derivatives for the variance-
covariance matrix are computed, as well. Also, likelihood
confidence intervals will bump up and stop at the limits you set.

This is the initial value (or ‘guess’) used when estimating a
parameter.

This is a value against which the parameter is tested in the output.
The default value is 0.0. The TEST = xxx part of a PARAMfunction
provides a value against which the parameter will be tested (in some
reports). In a sense, the TEST value is a null hypothesis value (h).

The test performed is t=(p- h)/SE(P), where P is the

maximum likelihood parameter estimate and SE(P) is the standard

error for the parameter estimate. The t-test is provided for
convenience only. mle does not make use of the test in any way.

This parameter controls any mathematical transformation used for
the parameter. Typically, this is used to take a parameter with a
restricted valid range and transform it into a new parameter with an
unrestricted range.

For some forms, the parameter itself is transformed. For example,
when a parameter is a probability the parameter can be defined as:

PARAM p  LOW =

-999 HIGH =999 START = 0 FORM = LOG STI C END

The logistic transformation permits the parameter p to take on any
value from negative infinity to infinity, but the resulting value passed
used by the likelihood will be constrained to the range (0, 1). In
other words, mle will estimate a parameter over the range —999 to
999, but before that parameter is used in computation, it will undergo
alogistic transformation as p = 1/[1 + exp(p’)], so that the value of p
will be a probability. mle currently provides a limited number of
specifications for how parameters and covariates are modeled. Even
so, this mechanism for modeling covariates on any parameter is
extremely general and provides the basis for building unique and
highly mechanistic (Box et a. 1978) or etiologic (Wood 1994)
models.

A description of al formsisgivenin Table 2.

Examples: Here is an example of a likelihood hand-coded for an exponentia
PDF for exact failure times. A PARAMand a built-in function are used
in this likelihood:

MODEL
DATA
PARAM | anbda LOW= 0 H GH = 1 START = 0.23 END * EXP(-|anbda * t)
END
RUN
FULL
END
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Notice that | anbda is first defined as a parameter, and thereafter is
used as an ordinary variable. As mle iteratively seeks a solution, the
value of | anbda will be updated. As the likelihood itself is being
computed, the PARAM function will simply return the current estimate
of | anbda.

Sometimes parameters are constrained for the purpose of hypothesis
testing. They may be held constant, or fixed to the value of another
parameter. These are called fixed parameters, and an estimate will
not be found for them. mle provides the mechanism for fixed
parameters primarily to reduce models from more complicated to
simpler forms. For example, in a dope function, we may have
reason to believe that the ope mis one. Perhaps this is because of
the nature of the physical system we are modeling. We could first fit
our collection of x values to the model with parameter m free, and
secondly fit it with m held constant to 1. Statistical criteria can be
used to determine whether m deviates from the value we expected it
to be.

Typically, parameters are defined for the intrinsic parameters of a
PDF function. For example, the normal PDF has two intrinsic
parameters mand s. The first parameter specified in the parameter
list will be treated as m The second will be treated as s. How can
you know the proper order for parameters? Generaly location
parameters appear first (and are usually denoted a in this manual),
scale parameters are second and shape parameters are third. Even so,
you can get a quick synopsis of each type of PDF by using the -h
option from the command line, eg.: me -h SH FTWE BULL

Parameters are also used to model effects of covariates on other
parameters. Here is an example in which two parameters, used in
place of some fixed values of mand s for a normal distribution, are
defined with two covariate parameters, each:

PDF NORMAL(t open tcl ose)
PARAM nmean LOW= 100 H GH = 400 START = 270 TEST = 0 FORM = LOGLIN

COVAR sex
COVAR wei ght

END

PARAM st dev
COVAR sex
COVAR wei ght
END

END

PARAM b_sex_nu LOW= -2 HGH=2 START = 0 END
PARAM b_wei ght _nu LOW= -2 HGH =2 START = 0 END

LONW= 0.1 HGH = 100 START = 20 FORM = LOGLI N
PARAM b_sex_si g LON= -2 HGH =2 START = 0 END
PARAM b_wei ght _sig LOW= -2 HIGH = 2 START = 0 END

In this example, the first parameter of the normal distribution (m) has
two covariates and their corresponding parameters modeled on it.
The exact specification of how covariates and their parameters are
modeled depend on the FORM of the intrinsic parameter. In the
example, the FORM = LOGLI N specifies that alog-linear specification
isto beused. The log-linear specification is m = mexp(xib), where
m is the estimated intrinsic parameter (mean in this case). Thus, for
the ith observation, the mparameter of the normal distribution will be
constructed as: m=nean” exp(sex; b_sex + weight; b_wei ght).
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Table 2. Forms and transformations for parameters.

Form

NUMBER
ADD

I NVERT
I NVADD

I NVMULTI PLY

I NVLOGLI N
D VI DE
PONER

PONEREXP

EXPADD
Fl SHER

Fl SHERI NV

MULTI PLY
EXCESS
LOG.I N

LOGE STIC

LOG T

Parameter (p’), covariates (),

covariate parameters (b), and the value

returned by the PARAM function (p;)

Notes

p=p

p=p +xb

p = (p +xb)
p=1p +xb
p = xb/p’

pi = exp(xib)/p’
p = p'/xb

p = p¢*

p = pEw

p = exp(p’ +xb) = exp(p’Jexp(xb)
p=In[(1+p +xb)/(1l—p +xb)]/2

_exp[2(p+xb)]- 1

exp[2(p+xb)] +1
p=p" xb
p = p'exp(l + xb)
p = p'exp(xb)

If ALTERNATE_LOG STI C = FALSE,
p = V[1+exp(p’ +xb)].

If ALTERNATE_LOG STI C = TRUE,
P = exp(p’ +xb)/[1 +exp(p’ + xb)]

p = In[exp(p’ + xb)/(1 + exp(p’ + xb)]

Default when no COVARS are mode ed.

Must be used with care when the resulting parameter is
constrained to positive values because p; might take on
negative values for some combinations of x;b

The denominator must not be zero.
p’ must not be zero.

p’ must not be zero.

p’ must not be zero.

X;b must not be zero.

Constrains p; to positive values for al p’ and xb.

This specification is useful when p; can take on any value
from—=¥to¥ and-1£p +xb £ 1L

Frequently used for parameters that are correlation
coefficients because, for all valuesof p’ + xb, p; will be
constrained from -1 to 1.

A multiplicative specification.

Thisisacommon specification, especially for parameters that
are interpreted as hazards. When p’ is constrained positive,
the p; will also be positive. Like EXPADD but P’ expadd =
exp(P’iogin). LOGLI Nis the default specification whenever a
COVARIs defined.

Frequently used for parameters that are interpreted as

probabilities because, for al values of p’ + xib, p; will be
constrained from zero to one. The alternative forms are
related to each other as P’ tormi=1— P formz

This specification is useful when p; can take on any value
from —¢ to ¥ and p’ + x;b isaprobability.

The second parameter, st dev, has the same two covariates modeled
on it, but the parameter names are (and must be) different from the
parameters modeled on mean.

In the previous example, the mean parameter was constrained to the
range [100, 400] and the initial guess was 270.
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PDF

The PDF function returns the value of, or area under, a pre-defined probability
density or distribution functions. Although the name is PDF, the PDF function can
return the probability density function, the cumulative density function, the
survival density function, and the hazard function. In addition, the PDF function
can return areas or densities that are left and right truncated. The structure of the
PDF function cal is:

PDF <PDF name> ( <tine variablel> <tinme variable2>, .)
<intrinsic parameter 1>,
<intrinsic parameter 2>,

<optional HAZARD par anet er >
END

The name following PDF is the name of the built-in distribution. A summary for
each built-in distribution is given in later chapters.

Time variable list is a list of the time arguments passed to the PDF. Most
univariate PDFs can take from one to four ‘time arguments.2 In fact, these four
times describe a single observation in such a way as to incorporate defects in the
observation process (right censoring, left truncation, right truncation, cross-
sectional). A description of how the four arguments combine to specify a
probability are given in the section that follows. Note that the time arguments
can be any expression, so that time shifts and transformations can be
incorporated in this list.

Intrinsic parameter list provides specifications for the PDF's intrinsic
parameters. The order that the intrinsic parameters are specified is important; it
corresponds to how the PDF is defined within mle. The PDFs chapter lists the
order for intrinsic parameters; alternatively, the command line m e -h can be
used to determine the proper argument order. Note that any expression can be
used for an intrinsic parameter. That is, you do not need to use a PARAM function
for the intrinsic parameters, athough this is the most common use. Here is an
example in which the location parameter is fixed to a constant for a shifted
lognormal distribution:

PDF SHI FTLOGNORMAL ( tooth_eruption_age )
9, {shift the tine back to conception}
PARAM | ocation LOW= 1 H GH = 4 START = 2.5 END,
PARAM scal e LONV = 0.0001 HIGH = 3 START = 0.9 END
END

PDF Time Arguments

Most PDFs can have as few as one and as many as four time arguments specified.
They are: t,, the last observation time before an event; t, the first observed time
after the event; t,, the left truncation time for the observation or the PDF; and t,,
the right truncation time for the observation or the PDF. Understanding how

2 These are called time variables in the context of survival analysis; however, they may represent other measurements
(length, dose, height, etc.).

99



mle Reference manual: Special functions

these four times act on the PDF statement is critical to creating the desired and
proper likelihood.

PDFs contribute to likelihoods in a number of ways. In survival anaysis, for
example, the likelihood for an exact failure is given by the value of the PDF at
the exact point of failure. For a right censored observation, the likelihood is
given by summing up (integrating) al possible PDF values from the last
observation time until the maximum possible time. The likelihood for a cross-
sectional “responder” is the integral from zero to the time of first observation.
Table 3 lists the values that result from the four time variables for different
conditions. For example, when t,=t. or when only one time variable is specified,
mle returns the density at t,. This is the desired likelihood for an exact failure.
Likelihoods for right and interval censored observations, with and without left
and right truncation are given in Table 3
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The Hazard Parameter

For most parametric distributions (like the normal or lognormal distributions) the
hazard function does not take on a ssmple or closed form. For this reason, most
studies have modeled the covariates as acting on the failure time for these

distributions.
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Nevertheless, there is no inherent reason why hazards models

cannot be constructed using distributions without a closed form for the hazards
functions. Most of the PDFs built into mle provide a genera mechanism for
covariates to be modeled as affecting the hazard of failure, rather than (or in

Table 3. Probabilities (or likelihoods) returned by PDF for one, two, three, and four time variables.

Example When  Class Result
1 | LNNORMAL(te) Exact fallure at te L=f(t)
2 | LNNORVAL(ty, te) t=te Exact failure at t,=t. L="f(t,)="f(t)
3 LNNORMAL ( ty, te) te=00 Right censored or cross-sectiona ¥
t,<t, hon-responderatt, L =f (2dz=S(t,)
tU
4 | LNNORMAL( ty, te) t,=0 Cross-sectional responder at te te
L=of (2dz=F(t,)
0
5 | LNNORMAL( ty, te) ty ! te Interval censored over the interval t
(tu te). Includes, asalimitingcase | = (‘)f (2)dz=9S(t,)- S(t.)
cross-sectional responder and "
right-censored. ’
6 | LNNORVAL(ty, te, t,) t,=te  Left-truncated exact failure L= ft,) _ f()
=< =
. S(t
Of (2)dz (t.)
ta
7 | LNNORMAL( t, te, t,) t,1to  Left-truncated, interval censored S(t,)- S(t.) _ S(t,)- S(t.)
failure L=— = S(t)
of (2)dz a
ta
8 | LNNORMAL(ty, te, ta, ty) | tu=te  Left- and right-truncated, exact L f(t.,) f(t.)
failure = =
“~ S(t,)- S
R
ta
9 | LNNORMAL(ty, te, ta, ty) | tu<te  Left- and right-truncated, interval L= S(t,)- S(t,) _ S(t,)- S(t.)
t. £t censored failure iy = S
aEly t.)-S
bt oz )W
ta
10 | LNNORVAL(ty, te, ta t=te=t, Hazard f(t
S(t,)
11 LNN(RI\/AL( ty, te ta, tw) t=te=ta Right-truncated hazard _ f (tu) _ h(t )
S(t,)- St,)
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addition to) affecting intrinsic parameters. Hereis an example:

END

PDF NORMAL(topen tcl ose)

PARAM nean LOW= 100 H GH = 400 START = 270 TEST = 0 FORM = LOGLIN END,

PARAM stdev LOW= 0.1 H GH = 100 START = 20 END,

HAZARD COVAR sex PARAM b_sex LOW= -2 HGH=2 START = 0 END
COVAR weight PARAM b_weight LOW= -2 HGH =2 START = 0 END

END { hazar d}

PHAZARD

The covariates sex and wei ght are modeled to effect on the hazard of failure.
Parametersb_sex and b_wei ght provide estimates of the effect.

The HAZARD statement always provides a proportional hazards specification
modeled directly on the hazard of the PDF. Usualy, the specification is
loglinear, so that the hazard for the ith observation including the covariate effects
defined as hi(tijxib) = h(t)exp(xib), where h(t) is the baseline hazard for the
specified PDF. Then, the survival function becomes S(tjxb) = ()™, and the
probability density function becomes fi(tijxb) = f(t)(t)***exp(xb). The
reason for exponentiating the xb array is to prevent it from going negative
(hazards are always be positive).

A multiplicative form for the proportional hazards specification can aso be
specified by setting the constant EXP_HAZARD = FALSE (it is TRUE by default).
Then, the model is hi(tjxb) = h(t)xb, Stjxb) = t)®, and f(tjxb) =
f(t)S(t)x;b. Y ou must insure that x;b never goes negative.

This is an experimental function that has not been fully checked. The PHAZARD
function returns the p-hazard function for the specified probability density
function. The p-hazard function is the hazard for a given p-probability density
function (see PPDF, page 103).

END

PHAZARD <pdf nane>(<quantile> [, <left_expr>[, <right_expr>]])
<intrinsic parameter 1>,
<intrinsic paranmeter 2>,

The <pdfname> following PHAZARD is the name of the built-in distribution. A
summary for each built-in distribution is given in later chapters.

<quantile> is the quantile (range 0.0 to 1.0) for which to assess the p-hazard.

The optiona <left_expr> and <right_expr> define the left and right truncation
points for the underlying PDF. Two additional arguments <eps> and <maxits>
can adso be include after <right_expr>; see their descriptions for the
QUANTILE function on page 106.

Intrinsic parameter list provides specifications for the underlying PDF sintrinsic

parameters. The order that the intrinsic parameters are specified is important; it
corresponds to how the PDF is defined within mle. The PDFs chapter lists the
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order for intrinsic parameters; aternatively, the command line m e -h can be
used to determine the proper argument order.
For example, PHAZARD NORVAL( 0. 025) 4, 1 END returns 0.0599436597
The p-hazard function is computed as hy(p) = [q(p)(1 - p)] '=f.(p)/(1 — p), where

q(p) is the quantile density function and f,(p) is a p-PDF. Hence the above result
is obtained with

1/ (QDF NORMAL(0.025) 4, 1 END*(1 — 0.025)) - 0.0599436597
PPDF NORMAL(0.025) 4, 1 END/(1 — 0.025) - 0.0599436597

Some PDFs have no closed form. The quantile functions (QUANTILE, QDF,
and PPDF) are computed iteratively.

See aso: PDF, QUANTILE, QDF, PPDF

Details about quantile functions can be found in Gilchrist (2000).

PPDF
This is an experimental function that has not been fully checked. The PPDF
function returns the p-PDF function for the specified probability density function.
The p-PDF function is the probability density function specified in terms of
quantile p.
PPDF <pdf name>(<quantile> [, <left_expr>[, <right_expr>]])

END

<intrinsic parameter 1>,
<intrinsic paranmeter 2>,

The <pdfname> following PPDF is the name of the built-in distribution. A
summary for each built-in distribution is given in later chapters.

<quantile> is the quantile (range 0.0 to 1.0) for which to assess the p-PPDF.

The optiona <left_expr> and <right_expr> define the left and right truncation
points for the underlying PDF. Two additional arguments <eps> and <maxits>
can adso be include after <right_expr>; see their descriptions for the
QUANTILE function on page 106.

Intrinsic parameter list provides specifications for the underlying PDF sintrinsic
parameters. The order that the intrinsic parameters are specified is important; it
corresponds to how the PDF is defined within mle. The PDFs chapter lists the
order for intrinsic parameters; alternatively, the command line m e -h can be
used to determine the proper argument order.

For example, PPDF NORVAL( 0. 025) 4, 1 ENDreturns 0.0584450682.
The p-PDF function is computed as fy(p) = f[Q(p)] = L/q(p), where q(p) is the

guantile density function, Q(p) is the quantile function, and f(x) is the probability
density. Hence the above result is obtained with
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PDF NORMAL( QUANTI LE NORMAL(0.025) 4, 1 END ) 4, 1 END -> 0.0584450682
1/ QDF NORMAL(0.025) 4, 1 END -> 0.0584450682

Some PDFs have no closed form. The quantile functions (QUANTILE, QDF,
and PPDF) are computed iteratively.

See also: PDF, QUANTILE, QDF, PHAZARD

Details about quantile functions can be found in Gilchrist (2000).

PREASSIGN and POSTA SSIGN

The likelihood is always specified as a single function. This means that within a
likelihood, a special function must be used to compute intermediate results or
perform other computations. The PREASSIGN.. ., . .. END function provides a
mechanism to compute partial results of a likelihood outside of the main
likelihood, or within part of the likelihood. The statement takes on this form

PREASSI GN
<st at ement >
<expr essi on>

END
A single statement is defined immediately after the PREASSI GN.  This statement
will be executed prior to evaluation of the <expresson>. After that, the
<expression> is evaluated, and the result returned by the PREASSI GN function.
For example, the following code would reparameterize the exponential PDF so
that the parameter | is replaced by the function -b*
MODEL
PREASSI GN
z = -1/PARAM b LON= 0 HIGH = 1 START = 0.1 END
" DATA
PDF EXPONENTIAL( t ) z END
END { dat a}
END { preassi gn}
RUN
FULL
END

Notice that first the value z is assigned the value -b™. Next the likelihood ' is
computed. But, lambda is constrained to z. The assignment in the first part of
the PREASSI GN function will be executed for each observation.

The PREASSI GN and POSTASSI GN statements can be used with multiple statements
by using an BEG N. . . END block. It is sometimes helpful to define al parameters
outside of the DATA statement and then use only variables in the likelihood
expression. In other words, the parameters are defined “up front”, so that the
likelihood function itself is easier to specify. Here is an example of re.codeing a
program so that all parameters are defined in advance.
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MODEL {m xture of two normal distributions}
PREASSI GN
BEG N
pr = PARAM p LONV=0  HGH=1 START = 0.5 END
ul = PARMM mul  LON=5  HGH=14 START =8 END
sl = PARAM sigmal LON= 0.1 HGH=5 START = 1.2 END
u2 = PARAMM mi2 LON=0 HGH=6 START =2 END
s2 = PARAM sigma2 LOW= 0.01 HGH =5 START = 1.2 END
END
{now specify the likelihood expression }
DATA
M X(pr, PDF NORMAL(topen tclose) ul s1 END, PDF NORMAL(topen tclose) u2 s2 END)
END { dat a}
END { preassi gn}
RUN
FULL
END { nodel }
The POSTASSI GN. <expr > <st at ement > END function is similar to the preassign
function, except that the statement come after the function expression. The
function defined by the first <expression> is evaluated first, and is the result
returned by the PoSTASSI GN function. Then the statements is evaluated with each
result assigned to the corresponding <variable>. A BEG N... END block allows
for multiple statements.
PRODUCT

The PRoODUCT function computes a finite product. The format is similar to the
| NTEGRATE Or SUMVATI ON functions:

PRODUCT <vari abl e nane> (<lower_limt> , <upper_limt>)
<expr essi on>
END

or

PRODUCT <vari abl e nane> (<lower_limt> , <upper_limt> <convergence>)
<expr essi on>
END

The expressions <lower_limit> and <upper_limit> define the lower and upper
limits of the product. These expressions (as well as the optional <convergence>
expression) are evaluated once. The optional <convergence> expression
provides a second way to terminate the series. When used, the product will
terminate when the difference between one product and the next is less than the
value of the <convergence> expression

The pRoODUCT function can be used, for example, to calculate likelihoods that
incorporate geometric series. The inner <expression> will be repeatedly
evaluated with the index variable incremented for each evaluation. Here is an
example of a likelihood consisting of a Polya-Eggenberger distribution
(Eggenberger and Pdlya 1923) for exact failures at integer times t. The
probability density function for the Polya-Eggenberger distribution is
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anoil okl .
¢, :O(p+i)O (- p+jc)
f(t | p,nc) =22
O (+ke)
k=0

There are three products that must be computed as part of computing the density
function. The following mle program fragment shows the code needed to
implement the Polya-Eggenberger distribution. Parameters p and c are to be
estimated for a set of observationst.

MODEL
DATA
COMB(n, t)
* PRODUCT i (0, t - 1)
PARAM p LOW= 0 HIGH = 1 START = 0.5 END
* i * PARAMc LONV= -1 HIGH = 25 START = 1 END
END { product}

PRODUCT j (0, n - t - 1)
1-p+j*c
END { product}

PRODUCT k (0, n - 1)

1 - k*c
END
END { dat a}
RUN
FULL
END
QUANTILE
The QUANTI LE function returns the inverse cumulative density for one of mle's
predefined probability density functions. For many of the built in pdfs, the
QUANTI LE function calculates the result from a closed-form solution. Some
functions do not have simple solutions, so mle uses an iterative search for the
solution. Formats of the QUANTI LE function are:
QUANTI LE <pdf> (<p>) <paraml>, ... END
QUANTI LE <pdf> (<p>, <lefttrunc> ), <paraml> ... END
QUANTI LE <pdf> (<p>, <lefttrunc>, <righttrunc>) <paraml>, ... END
QUANTI LE <pdf> (<p>, <lefttrunc>, <righttrunc> <eps>) <paraml>, ... END
QUANTI LE <pdf> (<p>, <lefttrunc>, <righttrunc>, <eps> <nmaxits>) <paranl>, ... END

<pdf> is one of mle's built-in pdf names, like NORMAL, WEIBULL, etc. The
expression <p> must evaluate to a probability. Thisis the area under the pdf for
which the function will return avalue of t.

<lefttrunc> is an optional left truncation time, so that quantiles can be returned
for left-truncated densities.

<righttrunc> is optional and specifies a right-truncation time for the pdf, so that
both left- and right-truncated.

<eps> is optional and is the precision to which the quantile is to be found. This
argument has no effect unless an iterative method is used to find the solution. If
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the third expression is not given, and an iterative solution is necessary, its value
will be taken from the variable FI ND_EPS.

<maxits>, the optional fifth expression, is the maximum number of iterations
allowed in finding the solution. Again, this argument has no effect unless an
iterative solution is used. If this expression is not given and an iterative solution
isrequired, the value will be taken from the variable FI ND_| TERS.

The funciton QUANTI LE NORMAL( 0. 975) 0, 1 END will return the value of t that
yields a probability of 0.975. The resulting value is 1.95996. The median of most
pdfs can be returned by specifying a probability of 0.5. Thus, the median of a
gamma function could be found with, for example, QUANTI LE GAMMA( 0. 5) 0. 3,

2 ENDreturns 5.5945.

The quantile function can be used to draw random variates from the built-in
probability density functions. This is done by calling function RaND for the
argument to the QUANTI LE function. For example, QUANTI LE NORVAL( RAND) O,
1 ENDwill return a standard normal random variate.

QDF
This is an experimental function that has not been fully checked. The QbF
function returns the quantile density function for the specified probability density
function. The QDF function is the probability density function specified in terms
of quantile p.
PPDF <pdf name>(<quantile> [, <left_expr>[, <right_expr>]])

END

<intrinsic parameter 1>,
<intrinsic parameter 2>,

The <pdfname> following QPDF is the name of the built-in distribution. A
summary for each built-in distribution is given in later chapters.

<quantile> is the quantile (range 0.0 to 1.0) for which to assess the QDF.

The optiona <left_expr> and <right_expr> define the left and right truncation
points for the underlying PDF. Two additional arguments <eps> and <maxits>
can adso be include after <right_expr>; see their descriptions for the
QUANTILE function on page 106.

Intrinsic parameter list provides specifications for the underlying PDF sintrinsic
parameters. The order that the intrinsic parameters are specified is important; it
corresponds to how the PDF is defined within mle. The PDFs chapter lists the
order for intrinsic parameters; aternatively, the command line m e -h can be

used to determine the proper argument order.
For example, QOF NORMAL( 0. 025) 4, 1 ENDreturns17.110083553.
The QDF function is computed as q(p) = dQ(p)/dp where Q(p) is the quantile

function. Hence the above result is obtained (approximately) with
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DERI VATI VE p=0. 025 QUANTI LE NORMAL(p) 4, 1 END END -> 17.110082824

Some PDFs have no closed form. The quantile functions (QUANTILE, QDF,
and PPDF) are computed iteratively.

See also: PDF, QUANTILE, PPDF, PHAZARD

Details about quantile functions can be found in Gilchrist (2000).

SUMMATION

The sumvaTl ON function computes a finite sum. The format is similar to the
| NTEGRATE Or PRODUCT functions:

END

SUMVATI ON <vari abl e name> (<lower_linmt> , <upper_limt>)
<expr essi on>
END
or
SUMVATI ON <vari abl e name> (<lower_linmt> , <upper_limt> <convergence>)

<expr essi on>

The expressions <lower_limit> and <upper_limit> define the lower and upper
limits of the sum. These expressions (as well as the optional <convergence>
expression) are evaluated once. The optional <convergence> expression
provides a second way to terminate the series. When used, the summation will
terminate when the difference between one sum and the next is less than the
value of the <convergence> expression

Here is an example of a likelihood hand-coded for a Thomas distribution
(Thomas 1949) for exact failures at integer times t. The probability density
function for the Thomas distribution is

L4 ema(ib)
fhlab)=eta = t-i)!

A single finite summation must be computed as part of computing the density
function. The following mle program fragment shows the code needed to
implement the Thomas distribution. Parameters a and b are to be estimated for
observed timest.
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MODEL
DATA
EXP(- PARAM a LOW = 0.0001 HI GH = 20 START = 5 END)
* SUMVATION i (1, t)
EXP(-i * PARAM b LOW-0. 0001 HI GH=40 START=0.5 END)
*afio * (i*b)™M(t - i) /I (FACT(i)*FACT(t - iz))
END {summati on}
END {dat a}
RUN
FULL
END
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Chapter 7
Statements

An mle program is, essentially, a collection of statements. This chapter describes
all statements types available in mle.

Statements

Assignment statement

Assignment statements serve two purposes. The primary purpose is to assign
valuesto variables. A secondary purpose is to define new variables.

A great number of pre-defined variables are available to change or fine-tune the
behavior of mle, and the values of these variables can be changed with assignment
statements. Some brief examples are:

MAXI TER = 100 {Set the nmaxi mum nunber of iterations}
EPSI LON = 0. 0000001 {Set the criterion for convergence}
PRI NT_OBS = TRUE {prints all observations after transforns}

Assignment statements may be placed anywhere within the MLE. . . END statement
around the DATA. .. END and MODEL. . . END statements.®* The generic forms for
assignment statements are:

<var> = <expressi on>
<var>: <type> = <expressi on>

where <var> is the name of a variable. If the variable does not exist, it will be
created. If so, and the first form of the assignment statement is used, the type
(I NTEGER, REAL, COVPLEX, etc.) returned by <expression> will define the type of
the newly created variable.

3 Within the DATA statement, assignment statements are used for transformations. Within both the DATA and model
statements, the PREASSI GN and POSTASSI GN functions allow alist of one or more assignments to be used.
Finaly, within the MODEL statement, there are several other uses for assignment statements, like to define start,
highest, and lowest values of parameters.
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Under the second form of assignment, the variable type is explicitly defined by
<type>. A discussion of variable types is found later in this chapter. An
important thing to understand about types and assignment statements is that the
type returned by the <expression> must be compatible with <type> defined for a
variable or an error will result. Some examples of assignment statements using
expressions and types are:

M.E

y = SQRT(44.5) {eval uates to 6.6708...}

z = BETA(1.2, 9*3/10 + 1) {evaluates to 0.185...}

q = RAND {eval uates to a random nunber fromoO to 1}

r: REAL = 2 {defines r as real, assigns the value 2.0}

ru : REAL {Defines ru, but does not initialize it}

s = "This is a string" {s is created as type string}

b = 1F RAND < 0.2 THEN TRUE ELSE FALSE END {b is created as type bool ean)

ra : REAL[-180 TO 180] {Defines an array of type REAL with elements from -180
to 180}

ia : INTEGER[O TO 100, -1 TO 1] = 0 {Define an integer matrix and initialize
el enents to 0}

bm _max = wei ght _nmax/ hei ght _max”2

total = el_count + e2_count + e3_count + e4_count

last _age = I F linear THEN max_age ELSE SQRT(nax_age) END

area = PDF NORMAL(-2, 2) 1, 3 END {gives area from-2 to 2 for N(1, 3)}

one = SIN(total )*2 + COS(total)”2

END
When a variable is first used in an assignment statement, its type is determined
based on the type returned from the expression on the right-hand side of the
assignment. Here are some examples:

large_data = N_OBS > 5000 {large_data is declared as type BOOLEAN}
subtitle = "Analysis of " + INFILE {subtitle is declared as type STRI NG
ni ne =3* 3.0 {nine is type REAL}
five =2+ 3 {five is type | NTEGER}
Y ou can explicitly define a variable's type when the variable isfirst referenced in
an assignment statement. Here are some examples:
c:STRING = 'x' {c woul d ot herwi se be CHAR}
nine:REAL = 3 * 3 {nine would otherw se be | NTEGER}
t: BOOLEAN = TRUE {t is explicitly declared as bool ean, although this is the
defaul t}
ang: REAL = SIN(2*pi) {ang is explicitly declared as real, although this is the
defaul t}

Array assignments
Multidimensional arrays of all types are supported by mle. Arrayed variables
must be explicitly defined the first time the variable is mentioned in the program.
The format is <var> : <type>[ <minl> TO <max1>, <min2> TO <max2>,...].
Some examples of declarations are:

s : STRING 1 TO 5] {Defines a one-di mensional array of strings}
r . REAL[1 TO 10, 1 TO 10] {Defines a 10 x 10 matrix}
b : BOOLEANJO TO 1, 0 TO 1, 0 TO 1] {Defines a 3 dinensional array}

An entire array can be initialized to a single value in an assignment statement.
Some examples are:
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s : STRRN1 TO5] ="' {Defines s and initializes all values to ''}
r : REAL[1 TO 10, 1 TO 10] = 0 {Defines 10 x 10 matrix and initializes elenents to 0}

Individual elements within an array variable are accessed using brackets
enclosing a subscripting. The following example creates an array of values for
the sine function.

r . REAL[O TO 359]
FORi = 0 TO 359 DO

r[i] = DTOR(i)

witeln("Sin(" i ") =" SINCr[i]) )
END

BEGIN statement

The BEG N. . . END statement provides a means of providing multiple statements
in contexts where only a single statement is allowed. The format is

BEG N
<st at ement s>
END

The most important use for this statement is with the PREASSI GN. . . END and
POSTASSI GN. . . END functions discussed in the Special Functions chapter.

BREAK statement

The BREAK statement works within the WHI LE, REPEAT, and FOR statements.
When a BREAK statement is encountered, the loop is immediately exited. The
behavior of a BREAK statement outside of a loop causes the current "scope” to be
exited. This means that within the main program (outside of a user-defined
procedure or function) a BREAK acts like a HALT statement. Within a user-defined
procedure or function, the procedure or function is exited. For example, the code

M.E

PROCEDURE t est br eak
WRI TELN( " Bef ore BREAK i n PROCEDURE t est break")
BREAK
WRI TELN(" After BREAK - Shoul dn't see this")
END

WH LE TRUE DO

WRI TELN( " Bef ore BREAK in WHI LE")

BREAK

WRI TELN("After BREAK in WHI LE - Shouldn't see this")
END

WRI TELN( " Done wi th BREAK in WH LE")
t est br eak
WRI TELN(" After testbreak")

END

produces the output
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Bef ore BREAK in WH LE

Done with BREAK in WH LE

Bef ore BREAK i n PROCEDURE t est br eak
After testbreak

CONTINUE statement

The CONTI NUE statement works within the WHI LE, REPEAT, and FOR statements.
When a CONTI NUE statement is encountered, al further statements are skipped
until the end of the loop. For example, the code

M.E
X =
VHI

X

|

L DO

Inmo

<9
+1
F 1 SODD(x) THEN
CONTI NUE
END {if}
WRITELN(' x is ' X)
END {whil e}

X
X
S

WRI TELN( " Done wi th WHI LE")

END {nie}

produces the output

is 2
is 4
is 6
is 8
Done with WH LE

X X X X

CURVE statement

The CURVE...END statement is a statement that occurs only within PLOT
statements (see the PLOT statement, page 128). Each CURVE statement creates a
single curve or surface. The CURVE statement is discussed in more detail in the
chapter on plots.

Two-dimensional plots

The idea of the curve statement is to generate a series of points for a function.
For smple curves two points must be defined: an x value and its corresponding y
value. There are two forms for the CURVE statement (for producing two-
dimensional plots). One form generates a series of REAL x values for use in
computing y values. The second form generates an | NTEGER series of points. The
REAL version looks like this:

CURVE
[ KEY <keystring> | WTH <withstring> | AXES <axesstring> . . . ]
<x_var> ( <x_mn> <x_max> [ <x_points>1] )
<x_expr> <y_expr> [ <expr>. . .] [ <strings>. . .]
END

The KEY, WTH, and AXES will be discussed later. This form of the CURVE
statement creates a series of x points. It begins with the point <x_min> and ends
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with the point <x_max>; <x_points> points will be generated in total. Each
point will be assigned to <x_var> in turn. The value of <x_var> will be used at
each point to compute <x_expr> and <y_expr> (and perhaps other expressions
as well). If the expression for <x_points> is missing, the value stored in
PLOTPO NTS Will be used instead (which isinitially 100).

Here is an example that draws two curves on aplot:

ME
PLOTFI LE( DEFAULTPLOTNANE)
PLOT
CURVE z ( O, 15, 100 ) z, PDF NORMAL(z) 5, 2 END END
CURVE z ( O, 15, 100 ) z, PDF WEIBULL(z) 5.5, 2 END END
END {plot}
END

The second form for the two-dimensional curve statement generates a series of
I NTEGER X values for use in computing y values. It looks like this:

CURVE
[ KEY <keystring> | WTH <wi thstring> | AXES <axesstring> . . . ]
<x_var> = <x_m n> TO <x_nmax>
<x_expr> <y_expr> [ <expr>. . .] [ <strings>. . .]
END

This form of the CURVE statement creates a series of | NTEGER X points. It begins
with <x_var> set to <x_min> and ends with the point <x_max>. The value of
<x_var> will be incremented by 1 for each point and will be used to compute
<x_expr> and <y_expr> (and perhaps other expressions as well). Here is an
example that draws two curves on a plot:

ME
PLOTFI LE( DEFAULTPLOTNANE)
PLOT ("set data style boxes", "set xrange [-0.5:12.5])

CURVEi =0 TO10 i, PDF BINOMAL(i) 0.5 10 END END
CURVEi =1 TO12 i, PDF GEOMETRIC(i) 0.2 END END
END {plot}
END

Each CURVE. . . END statement defines a single graph as a series of x and y points.
The x and y values (and perhaps some values used for error bars and other things)
are written to a data file. These data files (one per CURVE. . . END statement) are
read by Gnuplot when creating the graphs.

KEY
There are three optional keywords that can be used in the CURVE...END
statement. The first is KEY, followed by a string expression. This sets up atitle
for the plot key.

AXES

The AXES keyword defines the axis to which a curve will be plotted. A single
string expression follows AxXeS. Valid values for this string are "x1y1", "x2y1",
"x1y2", and "x2y2".
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The w TH keyword defines the style of curve to be plotted, along with any options
for that style. A single string expression follows w TH. The string begins with
one of the Gnuplot plot styles, and is followed by options for that style. mle
checks the first word of this string and makes sure there are enough PLOT
expressions for the desired graph type. The information is also used to put
together the Gnuplot pl ot or spl ot command. Valid values for the first word of
this string are:

W TH style string

Number of expressions

"boxerrorbars"

"boxes"

"boxxyerrorbars"

"candl esti cks"

"dot s"

"errorbars"

"fi nancebar s"

"fsteps”
"hi st eps”
"i mpul ses"

"lI'i nes"

"li nespoi nts"

" poi nts"
"steps”
"vector"

"xerrorbars"

"xyerrorbars"

"yerrorbars"

4 t0 6 CURVE expressions (2d only)
2 CURVE expressions (2d only)
4 to 7 CURVE expressions (2d only)
7 CURVE expressions (2d only)
2 (2d) or 3 (3d) CURVE expressions
3to 4 CURVE expressions (2d only)
7 CURVE expressions (2d only)
2 CURVE expressions (2d only)
2 CURVE expressions (2d only)
2 (2d) or 3 (3d) CURVE expressions
2 (2d) or 3 (3d) CURVE expressions
2 (2d) or 3 (3d) CURVE expressions
2 (2d) or 3 (3d) CURVE expressions
2 CURVE expressions (2d only)
4 (2d) or 5 (3d) CURVE expressions
3to 4 CURVE expressions (2d only)

4 to 6 CURVE expressions (2d only)
3 to 4 CURVE expressions (2d only)

Options can follow each plot style in the w TH string. The options are | i net ype
<nunber >, | i nesi ze <nunber >, | i newi th <nunber >, poi nttype <nunmber> and
poi nt si ze <nunber> (the options can be abbreviated 1t, I's, Iw, pt, Of ps
respectively). The Gnuplot manual discusses these options in more detail.

Here is example of a simple plot that makes use of some of the CURVE options:
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ME
PLOTFI LE( DEFAULTPLOTNANE)
PLOT("set key bottomleft; set y2tics")
CURVE  KEY "sin(x)" AXES "x1lyl" WTH "lines |inetype 3"
x (0, 2*Pl, 100)
X, SIN(x)
END
CURVE  KEY "cos(x)" AXES "x1lyl" WTH "lines |inetype 3"
x (0, 2*Pl, 100)
x, COS(x)
END
CURVE KEY "tan(x)" AXES "x1ly2" WTH "lines |inetype 2"
x (0, 2*Pl, 100)

X, TAN(x)
END
END {plot}
END {nle}
ERRORBARS
Additional expressions within CURVE...END define things like error bars.
Gnuplot provides two standards for error bars. If only one additional (error bar)
expression exist, that value is taken as a delta value to add and subtract from the
y value. If two error bar expressions exist, the values are taken as the minimum
and maximum (respectively) values for the error bars.
Here is an example of plotting error bars for a binomia experiment involving 40
observations:
MLE
{ -- Plots the probabilities of observing x boys in a fanilies of exactly 5
children.}
n=2>5 {bernoull'i trials -- for fanmlies of size 5}
p = 0.502 {probability of a male child per trial}

{ -- Also plots the standard errors for each outcome assum ng that}
fam= 40 {a sanple of famfanilies are observed}

PLOTFI LE( DEFAULTPLOTNAME)

PLOT("set yrange [0:]; set xrange [-0.25:" + REAL2STR(n + 0.25, 6, 2) + "]")
CURVE W TH "errorbars"

x =0 TOn
X {x-axi s val ue}
PDF BI NOM AL(x) p, n END {y-axi s val ue}
SQRT(p*(1 - p)/fam {errorbar delta}
END {curve}
END {plot}
END {nle}
Other strings

A series of one or more string expressions can follow the numeric expressionsin
the CURVE. . . END. These strings will be appended to the Gnuplot plot statement
so that plot options or other functions can be plotted. The statements will be

written to the plot file. The typical purpose is to re-plot curves in a different
style

Suppose we want to plot the normal distribution with m=0 and s=5 over the
range -10 to 10, and also show an 21-point histogram superimposed on the
continuous curve. The mle code to do thisis:
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ME
PLOTFI LE( DEFAULTPLOTNAME) { open a plot file}

PLOT("set ylabel 'normal pdf f(t)'; set xlabel "t' ")
CURVE W TH "boxes"
x (-10 10 21)
X { the x val ue}
PDF NORMAL(x) 0, 5 END { the function to plot}
", "' with lines"
END {do}
END { plot}
END {nie}

Three-dimensional plots
Three-dimensional plots follow the same syntax as do two-dimensional plots,
except that both an <x var> and a <y var> must be defined in the CURVE
statement along with their ranges. Here isthe formal definition for one form:

CURVE
[ KEY <keystring> | WTH <wi thstring> | AXES <axesstring> . . . ]
<x_var> ( <x_mn> <x_max> [ <x_points>] )
BY <y_var> (<y_min> <y max> [ <y_points>1] )
<X_expr>, <y_expr>, <z_expr> [ <expr> ... ]

[<string> . .]
END

Note that there is now a variable for both x and y. The specification for each
variable is separated by the keyword By. If the value of <x points> or
<y _points> is missing, it will be taken from the variable PLoTPQO NTS (which is
initialy 100).
Alternatively, the | NTEGER from of the CURVE statement can be used:

CURVE

[ KEY <keystring> | WTH <withstring> | AXES <axesstring> . . . ]
<x_var> = <x_m n> TO <x_nmax>
BY <y_var> = <y_mi n> TO <y_nax>

<X_expr>, <y_expr>, <z_expr> [ <expr> ... ]

[<string>. . .]
END
Additionally, the REAL and | NTEGER forms can be combined:
CURVE
[ KEY <keystring> | WTH <wi thstring> | AXES <axesstring> . . . ]

<x_var> = <x_m n> TO <x_nmax>
BY <y_var> (<y_min> <y max> [ <y_points>1] )

<X_expr>, <y_expr>, <z_expr> [ <expr> ... ]
[<string>. . .]
END
or
CURVE
[ KEY <keystring> | WTH <wi thstring> | AXES <axesstring> . . . ]

<x_var> ( <x_mn> <x_max> [ <x_points>] )
BY <y_var> = <y_nin> TO <y_max>
<X_expr>, <y_expr>, <z_expr> [ <expr> ... ]
[<string>. . .]
END
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Gnuplot does not support error bars or boxes for three-dimensional plots. Thus,
there are three required numeric expression (<x_expr>, <y_expr>, <z expr>)
following the <y var> definition (although additional numeric expressions can
be written to the data file for other uses). These three required expressions gives
the x, y, and z values to be plotted for each combination of x_var and y_var.

Here is an example of a smple three-dimensional plot. Suppose we want to plot
the function SI N(x) 2 + COS(y) ~2 over the range 0 to 2p with 30 points in each
dimension. Themle codeto do thisis:

M.E
PLOTFI LE( DEFAUL TPLOTNANE) { open plot file}
PLOT("set contour base; set hi dden3d" { plot a surface plot & a contour plot}
"set view 50") { change the perspective a bit}
CURVE x (0, 2*PlI, 30) BY y (0, 2*PI, 30) { define the ranges }
X, ¥y, SINx)"2 + COS(y)"2 { the function to plot}
END {curve}
END {plot}
END {nie}
Three-dimensional plots can include multiple curves. For example, to the
previous curve, we can add to the graph, a plane through z = 1, and another plane
through z = y/4.
M.E

PLOTFI LE( DEFAULTPLOTNAME) { open plot file}
PLOT("set nocontour" { no contours}
"set hi dden3d" { hide lines}
"set view 50") { change the perspective a bit}
CURVE x (0, 2*PlI, 30) BYy (0, 2*PI, 30) { curve 1}
X, ¥y, SINx)"2 + COS(y)"2
END {curve}
CURVE x (0, 2*PlI, 10) BY y (0, 2*PlI, 10) {curve 2}
X, Y, 1
END {curve}
CURVE x (0, 2*PlI, 10) BY y (0, 2*PlI, 10) {curve 3}
X, Yy, yl4
END {curve}
END {plot}
END {nl e}

DATA statement

The purpose of a DATA statement is to create a series of observations from afile.
The series of observations are usually used in the computation of a likelihood.
The DATA. . . END statement defines the format of the data file, defines variables to
be read in, provides a way of transforming variables, and dropping observations.
Only an overview of the DATA statement is given here; details are given in a
chapter devoted to the DATA statement.

The format for the DATA statement is;

DATA
<variable> [FIELD x [LINE y]] [=<expr>] [DROPIF <expr> | KEEPIF <expr> .]

END
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A list of variables are given within the DATA..END block. Thislist can also specify
a set of mathematical transformations on the data as it is being read. A
description of each field follows:

<variable> is the name of the variable to be defined. The variable must not
aready exist. All variables created by the DATA statement are defined to be
type real. Integer values will be read in from the data file and converted to
real number values. Text strings can exist within a fields of a text file, but
must not be assigned to avariable.

Field: The term field refers to which column within an input file a variable
is found in. In the hammes. dat file used in Chapter 1, four fields (or
columns) existed in the input file. The field specifier must be a positive
integer constant.

Line: Sometimes observations are spread across multiple lines. When the
LI NE keyword isused, e.qg. LI NE 2, mle keeps track of the maximum number
of lines specified thisway. Then, all observations are assumed to have that
number of lines. If the observations each take but one ling, the statement
LI NE 1 may be dropped—one line per observation is assumed as a default.
The line specifier must be a positive integer constant.

<=expr> defines a transformation expression. The expression can refer to
the variable being read, or any variables that are defined before the current
variable. The line newar FIELD 3 = newar”2 will read newar from
field three of the data file. The value of newar is then squared and
assigned back to newvar .

<DROPIF> provides a mechanism to drop observations. The expression
following DROPI F must evaluate to TRUE or FALSE. If TRUE, the observation
isdropped. Theline newar FIELD 3 DROPIF newar <= 0 will drop all
observations when the variable in field three is not positive.

<KEEPIF> provides another mechanism to drop observations. The
expression following KEEPI F must evaluate to TRUE or FALSE. If FALSE, the
observation is dropped (that is, not kept). The line newar FIELD 3
KEEPI F newar > 0 will drop all observations for which the variable in
field three is not positive. KEEPI F and DROPI F expressions can be far more
complex, but must return TRUE or FALSE.

Usually, data are read from a data file. The DATAFI LE() procedure defines and
opensthisfile. Hereisan example:

DATAFI LE("test. dat")

DATA
o_tinme FIELD 1 = o_tinme*365. 25
DROPI F (o_tine > 100)
c_tinme FIELD 3 = 1F c_tinme = -1 THEN c_time ELSE c_tine*365.25 END
m ssing FIELD 4 DROPIF missing_data <> 1
frequency FIELD 5 DROPIF frequency <= 0
END
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The variable names FREQUENCY or FREQ are taken as frequencies for each
observation. (If both variable names are used, FREQUENCY is taken as the
frequency variable). The frequency of each observation is used to compute a
proper likelihood as if multiple lines of identical observations were read. If the
FREQUENCY or FREQ keywords are missing, a frequency of one is assumed for
each observation.

The DATA statement is used in conjunction with the DATA function. Within a
MODEL statement, you can use the DATA function to evaluate the likelihood, one
observation at atime. Do not be confused by the fact that there is both a DATA
statement and a DATA function. They complement each other. Simply remember
that a DATA statement is used as a statement, and there is typically one such
statement per program. The DATA function can only be used as part of an
expression—typically only within the likelihood expression of a MODEL statement.

EXIT statement

The EXI T statement immediately exits the current procedure or function. When
an ExXI T statement is encountered outside of a procedure or function, the program
exits. The statement has no arguments. For example, the code

M.E

PROCEDURE dosonet hi ng
WRI TELN(' Enter f with i')
z =5
WH LE z > 0 DO
WRITELN('z is ' z)
IF z =2 THEN
EXIT
END {if}
z = DEC(z)
END {whil e}
writel n(' SHOULD NOT BE HERE')
END {f}

dosonet hi ng
witel n('Finished")
END {nie}

produces the output

Enter f with i
zis b5
zis 4
zis 3
zis 2
Fi ni shed

FOR statement

The FOR statement provides a means of looping through statements. The
statement has a number of format. The most basic form of the statement is

FOR <var> = <expr> TO <expr> DO
<st at ement s>
END
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The variable <var> must either not be previously defined or, if it already exists, it
must be the same type asthe first <expr>. The first <expr> is executed once and
defines the starting value of <var>. The value of <var> changes as the FOR
statement is executed. The second <expr> will be executed once and defines the
last value of var. Hereis an example that will print sine and cosine tables in one
degree increments as well as creating a table of radians for each degree:

r : REAL[O TO 359]
FOR x = 0 TO 359 DO

r[x] = DTOR(X)

WRI TELN(x " degrees (" r[x] " radians): SIN()=" SIN(r[x]) ", COS()=" COS(r[x]))
END

STEP

Another form for the FOR statement provides control over the step size. The STEP
keyword provides this ability

FOR <var> = <expr> TO <expr> STEP <expr> DO
<st at ement s>
END

For example, the statement

FOR x = 0 TO 360 STEP 30 DO
WRITE(x " ")
END

produces the output 0 30 60 90 120 150 180 210 240 270 300 330 360.
The type of <var> with STEP can be either integer or real.

STEPS

Another form of the FOR statement |oops between two numbers in a fixed number
of steps. The sTEPS keyword (which should not be confused with STEP) provides
this ability.

FOR <var> = <expr> TO <expr> STEPS <expr> DO
<st at ement s>
END

For example, the statement

FOR x = 0 TO 360 STEPS 5 DO
WRI TE(x " ")
END

produces the output 0.0 90.0 180.0 270.0 360.0. Notice that x (and hence the
returned values) are of type real.

Array FOR loops

Another form of the FOR statement will loop over each element of an array. This
version of the FOR statement has this syntax:

FOR <var> = <array> DO
<st at ement s>
END
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Notice that the TO keyword is not present in the form. For example, consider the
following code:

nyarray: STRIN1 TO 7] = ['Sun', 'Mn', 'Tue', 'Wed', 'Thu', '"Fri', 'Sat']
FOR x = nmyarray DO
WRITE(x " ")
END {for}
WRI TELN
FORy = [3+2i, -4i, -2-4i, 3] DO
WRITE(Y " ")
END {for}

The result of thiscodeis

Sun Mon Tue Wed Thu Fri Sat
3.0+2.0i 0.0-4.0i -2.0-4.0i 3.0+0.0i

FUNCTION declaration (user defined)

The function statement permits a user to define additional functions, in effect,
allow you to extend the mle language.

Once a function has been defined, it can be caled in the same way that any
predefined function is called: the name and argument list is given in the same
context as an expression. Arguments can be optionally be passed to the function.

The syntax for a procedure definition (without arguments) is

FUNCTI ON <nane>: <t ype>
<st at enent s>
END

And afunction with argumentsis

FUNCTI ON <nane>([var] <vari abl e>: <type>.) : <type>
<st at enent s>
END

The <name> is an ordernary user-defined name, like those used for variables.
Following the name and (optional) argument list comes a colon and a <type>.
This type can be any type that defines a variable (REAL, | NTEGER, BOOLEAN, €fC.).
Additionally, afunction can return an array (of any dimension) of the basic types.

A list of <statements> comes between the end of the procedure definition and the
final END. These statements can even include other “private” procedure
definitions, only visable within the original procedure. Here is an example of a
user-defined function.

FUNCTI ON Circl eArea(radi us: REAL) : REAL
{ Returns the area of a circle}
IF radius < 0 THEN
WRI TELN(' Error: negative radius passed to CircleArea')

RETURN = 0
ELSE

RETURN = PI *radi us’2
END {if}

END {Circl eArea}
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The expression G rcl eArea( 1) returnsthe value 3.14159...

Argument list

The argument list, if any, follows the name of the function. In the above
example, one argument is passed to the function. When the function is called, a
single real or integer argument must be passed to the function.

The variables in the argument list is defined locally—that is, they are defined
only within the body of the function. Any variable by the same name outside of
the function is “masked” by the new, local version of the variable. Likewise, any
variable declared within the body of the function is locally defined. The VAR
keyword can change this procedure. See the Argument list section of
PROCEDURE declaration, page 131.

The RETURN variable

Inside a function, the local variable RETURN is automatically created. The
variable is created as the same type as defined for the function. The variable can
be used as an ordinary variable. When the function exits, the value of RETURN S
passed back to the expression from which the function was called.

Recursion

User-defined functions in mle support full recursion. That is, a function can call
itself, invoking a new copy of local parameters and variables within each new
nested call. Below is a smple example of a recursive function to compute the
factoria function. (This is not the best way to compute n!, but the example is
useful to demonstrate recursion).

FUNCTI ON MyFact ori al (n: | NTEGER) : | NTEGER
IF n <0 THEN
WRI TELN(' Error: negative val ue passed to MyFactorial"')

RETURN = 0
ELSEIF n <= 1 THEN

RETURN = 1
ELSE

RETURN = n*MyFactorial (n — 1)
END {if}

END {MFactorial}

FOR x = 0 TO 10 DO
WRI TELN(x, '! ="', MFactorial(x))
END {for}

The For loop following the function gives the result:

0
1
2
3
4
5!
6!
7!
8!
9!
10! = 3628800
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| F statement

The | F statement provides a means of conditionally executing statements. The
following types of | F statements are available:

| F <bexpr> THEN
<st at enent s>
END

Thisform will conditionally execute the <statements> only if <bexpr> evaluates
to TRUE. An ELSE clause can be added to the statement so that one of two sets of
statements will always be executed:

| F <bexpr> THEN
<st at enent s>
ELSE
<st at enent s>
END

In addition, one or more ELSE! F clauses can be added to the statement to allow
multiple conditions to be tested:

| F <bexpr> THEN
<st at enent s>
ELSEl F <bexpr> THEN
<st atenent s>
ELSEl F <bexpr> THEN
<st atenent s>
ELSE
<st at enent s>
END

Here is an example of using the | F statement:

| F SYSTEM = "MS- DOS" THEN
PRI NTLN("Run from an Ms-DOS systent)
SEP = "\'
DATAFI LE("C:" + SEP + DIR + SEP + NAME)
ELSE
PRI NTLN("Run on a uni x systenl')
SEP = "'/
DATAFI LE(DI R + SEP + NANE)
END
INCLUDE statement

The I NCLUDE statement is used to include statements from other files. The
statement provides a mechanism for including procedure and functions from
libraries. The syntax is

| NCLUDE <narme> |

The <name> is a string constant. This is because <name> is immediately
opened and included as code in the current program. Files can be recursively
included, and is only limited by the operating system’s limitations on the number
of filesthat can be smultaneously opened
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mle uses the following process to find <name>. Firgt, it checks to see if <name>
exists without modification. Next, the set of paths specified by the —-I command
line option are searched for <name>. Findly, the set of paths specified by the
operating system environment variable MLELI BS. Here are some examples.

The statement

I NCLUDE "C:\nymelib\fft.nle"

will continue parsing the file C:\mymlelib\fft.mle, and then continue parsing the
current file. The statement

I NCLUDE "fft.me"

will first try opening fft.mle in the current directory.

If this file does not exist, the mle will check through directories specified by the
command line option (if any) -1 . Suppose the command line was specified as -
I C\include\n e; C\nymelib. mle will check each of these two directories
for the file fft.mle.

Finally, if fft.mleis still not found, mle will check all directories in the operating
system environment variable MLELI BS. Suppose this variable is set as “set
MLELI BS=C: \i ncl ude\'m e; C:\ proj \ mat h”. Then, mle will check both
directoriesfor thefile fft.mle. An error resultsif the file is still not found.

Be aware that different operating systems have different ways of separating lists
of directories. The above examples apply to DOS or Windows operating
systems. In Unix, a colon is used to separate a list of directories. Hence, the
previous command line would be given as—1 \i ncl ude\ i e: ~\ nym el i b.

The I NCLUDE statement helps create reusable software modules (procedures and
functions). One helpful hint when developing modules is to aways begin the
included file with a BEG N ... END statement. That way, any unclosed statements
will result in an error message before the parser leaves the include file. For
example,

BEG N
{This include file has a procedure for conputing a random seed based on the
systemtine and date}

PROCEDURE r andonseed
al : | NTEGER
a2 : | NTEGER
a3 : | NTEGER
a4 : | NTEGER
GETTI ME(al, a2, a3, a4)
a4 = al + a2 + a3 + a4
GETDATE(al, a2, a3)
seed(al + a2 + a3 + a4)
END {randonseed}

END
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MODEL statement

The MODEL. .. RUN...END statement defines the underlying probability model
used by mle, defines the parameters to be found for the model, and defines
constraints under which parameters are to be estimated. Only an overview of the
MODEL statement is given here.  The MODEL chapter in the User’'s Manual
contains more details and examples.

The basic structure of the MODEL statement |ooks like this:

MODEL
<expr essi on>

RUN [ THEN <st at emrent s> END]
<run specifications>

END

Between MODEL and RUN is a single expression that is the likelihood. Within the
likelihood is one or more PARAM . . END functions. These define the parameters,
whose values will be found for maximizing the likelihood. One of the most
important aspects of learning mle is the design and construction of the expression
for the likelihood.

Run specification

The <run specifications> is given between the RUN and the END part of the MODEL
statement, this provides a way of evaluating the full model as well as a series of
nested or reduced models. Parameters can be constrained for the purpose of
hypothesis testing or otherwise modifying the model. Parameters may be held
constant, or fixed to the value of another parameter. These are caled fixed
parameters, and an estimate will not be found for them when the likelihood is
maximized. The runlist in mle provides the mechanism for fixed parameters
primarily to reduce models from more complicated to ssmpler forms. Essentialy,
this <run specification> list gives instructions on how to run the model and the
various sub-parameterizations of the model. There are three keywords:

FULL: If all of the parameters (defined by PARAM . . END functions in the mode!)
areto befound, asimple FULL command is placed between the RUN and its
matching END.

REDUCE: Reduced models, where one or more parameters are constrained to a
constant or another parameter, are specified as REDUCE followed with alist of one
or more "reductions’. Any number of REDUCE commands (along with one FULL)
can be used in asingle model. For example, you might wish to find al parameters,
then constrain a parameter called bet al to be zero, and then bet a2 to zero, and
then constrain both to zero. Then you would put the following specify

MODEL

RUN
FULL {Run the full nodel}
REDUCE bet al=0 {Constrain betal to 0}
REDUCE bet a2=0 {Constrain beta2 to 0}
REDUCE betal=0 beta2=0 {Constrain betas to 0}

END

W TH: Specifiesalist of parametersto contain in the model. The W THkeyword is
followed by alist of model parameters. Each parameter included in the list will be
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included in the model. Variables not included will be constrained to their TEST
value (thisvalueis set in the PARAMfunction, or is zero if unspecified). Hereisan
example of usinga W TH runlist

MODEL
RUN
W TH mu, signmm, betal, beta2 {This is the full nodel}
W TH mu, sigma, beta2 {Constrain betal to 0}
W TH mu, sigm, betal {Constrain beta2 to 0}
W TH mu, signma {Constrain betas to 0}
END
The w TH keyword has an additional “trick”. Y ou caninclude alist of parameters
in parentheses. All models will be formed from the set of variables in
parenthesis as well as the variables NOT in parenthesis that are included in all
models. Hence the above MODEL statement could be more economically written
MODEL
RUN
W TH mu, signma (betal, beta2)
END
The same four versions of the model will be created and run. The above W THis
equivaently written WTH nu (betal) sigma (beta2) or WTH (betal)
(beta2) mu sigma.
It isimportant to realize that a single w TH list with N parameters will generate a
total of 2 models. To put that in perspective, alist of two variables will result in
four models being estimated. For ten parameters, 1024 models will be estimated.
For 15 variables 32,768 models will be estimated!
Results

Results of model estimation are written to the output file, specified by the
OUTFI LE function. A number of variables control the format of the output.

A report with estimated standard errors is printed when PRINT_SE = TRUE. mle
uses two different estimates for the variance-covariance matrix. One or both
methods may be used by setting | NFO_ METHOD1=TRUE Or | NFO_METHOD2=TRUE.
The default method (I NFO METHOD1) computes the variance and covariance
matrix by inverting Nelson's (1983) approximation to the Fisher's information
matrix. The second estimate of the variance-covariance matrix (I NFO_METHODL1)
is computed by estimating the second partial derivative by numeric perturbation.
This method is less accurate than the first method in some cases. Neverthel ess,
when hierarchical likelihoods are being computed, this method will produce
better estimates.

Whenever standard error are reported, a variance-covariance matrix will be
estimated. The matrix is printed when PRINT_VCv = TRUE. By default
PRI NT_VCV = FALSE.

An approximate confidence region for each parameter can be estimated by mle.
For multivariate models, the regions are only valid if the parameters are
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uncorrelated, or if there is only a single parameter. The report is printed when
PRINT_Cl = TRUE.

When the variable PRI NT_SHORT = TRUE, the report formats are modified so that
all parameters estimates are printed on a dngle line. Thisis useful when results
are to be subsequently processed by a computer program or read into a
spreadsheet.

The SDF, PDF, and hazard function can be tabulated in the output for al
predefined PDFs used in a model by setting PRINT_DISTS = TRUE. The
tabulation starts at value DI ST_T_START, ends at the value DI ST_T_END, and is
tabulated for DI ST_T_N equally spaced points. The distributions are tabulated at
the mean value of covariates. Likewise, plots of distributions and likelihood
surfaces can be generated. See the PLOT chapter of the User’s Manual for
details.

mle provides a mechanism for accessing results from previous runs either within
or outside of the MODEL statement. Each MODEL statement is numbered (beginning
with 1) in the order in which they are found in the program. Furthermore, each
run of the model, defined by the FULL or REDUCE statement, is numbered
beginning with 1 for each MODEL. The following variables are created:

<par anp.
<par anp.
<par anp.
<par anp.
<par anp.
<par anp.
<par anp.

<me. <r>
LOW <np. <r >

H GH. <n®. <r >
START. <np. <r >
UCl . <. <r >
LCl. <np. <r>
SE. <np. <r >

LOGLI KELI HOOD. <n®. <r >
FREE_PARAMS. <nP. <r >
DELTA LL. <np. <r >

| TERATI ONS. <n®. <r >
EVALS. <np. <r>
VCV_EVALS. <np. <r >

Cl _EVALS. <np. <r >

I NVERTFLAG. <n®. <r >
CONVERGENCE. <np. <r >

VCV. <np.

<r>

where <m> is the model number and <r> is the run number for the model, and
<param> is the name for a free parameter in the model. Each vcv. <ne. <r > isan
n" n matrix where n is the number of free parameters, which is available in
FREE_PARAMB. <np. <r >, Thevariable | NVERTFLAG. <ne. <r > is aboolean variable
that specifies whether or not the variance-covariance matrix was inverted without
error.

Each CONVERGENCE. <ne. <r > variable has an integer value that takes on a value
givenin Table 4.
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Table 4. Meaning of the CONVERGENCE variable.

Vaue Meaning

© 00 N O 0o~ W N+, O

Not done

Stopped after maximum function evaluations
Stopped after maximum number of iterations
Stopped after maximum time

Stopped by termination file

Converged normally

Trouble converging in one dimension

Starting value is not within min and max bounds
Starting temperature is not positive

Did not converge

PLOT statement

The PLOT. . . END statement initiates a single graph or chart. The statement does
not itself define the particular curves to be plotted on the plot; instead, each
CURVE. . . END statement executed within the PLOT. . . END statement will add a
single curve to the plot (see the CURVE statement, page 114).

The format of the statement is

PLOT [(<string_expr> . .)]
<st at enent s>

When a PLOT statement is executed, a few statements may be written to the plot
file. Then the <statements> are executed. All CURVE statements executed before
the END is reached will result in one curve being added to the current plot.

The optional series of string expressions (enclosed within parentheses) can
immediately following the PLOT statement. These strings will be written to the
plot file. The purpose of these stringsis to provide additional information to the
Gnuplot program, such as titles, ranges, and borders. They are simply written
verbatim to the plot file. In fact, plots can be written in the Gnuplot language
with these strings. Here is an example:

PLOTFI LE("gpl oteg. plt")
PLOT ( "plot [0:2*pi][-5:5] sin(x), cos(x), tan(x)" ) END

The pLOT statement writes the PLOTI NI T string to the plot file. You can assign a
string to the PLOTI NI T variable, and it will be written for each PLOT.
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PROCEDURE declaration

The procedure statement permits a user to define “subroutines.”  These
procedures, in effect, allow you to extend the mle language.

Once a procedure is initially defined, the procedures is then called in the same
way that predefined procedures are called: the name and argument list isgiven in
the same context as a statement. Arguments can be optionally be passed to the
procedure.

The syntax for a procedure definition (without arguments) is

PROCEDURE <name>
<st at ement s>
END

And a procedure with arguments is

PROCEDURE <nane>([var] <vari abl e>: <type>.)
<st at enent s>
END

The <name> is an ordernary user-defined name, like those used for variables. A
list of <statements> comes between the end of the procedure definition and the
final END. These statements can even include other “private” procedure
definitions, only visable within the original procedure. Here is an example of a
simple procedure.

PROCEDURE G veEr ror Message( nunb: | NTEGER ness: STRI NG
{ Reports an error nunber and message, offers user a chance to stop}

ans: STRI NG {variabl e defined only wi thin procedure}
WRI TELN(' Error nunber: ', nunb, ' has occurred')
VRl TELN( ness)
REPEAT
WRI TE(' Conti nue [yes/no]? ')
READLN( ans)
ans = TOLONER( ans)
I F ans == 'no" THEN
WRI TELN(' Bye')
HALT {halt the progrant
ELSElI F ans == 'yes' THEN
EXIT {exit this procedure}
END {if}
UNTI L FALSE {l oop forever}

END {G veError Message}

Argument list

The argument list, if any, follows the name of the procedure. In the above
example, two arguments are passed to the procedure when it is called. The first
argument must be an integer and the second a string. For example, suppose the
procedure is called with the following actual arguments. G veEr r or Message( 14,
"Time is up!'). Within the procedure, the value 14 would be assigned to the
variablenunb, and’ Tirme is up!' would be assigned to ness.

The variables in the argument list are defined locally—that is, they are defined

only within the body of the procedure. Any variable by the same name outside of
the procedure is “masked” by the new, local version of the variable. Likewise,
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any variable declared within the body of the procedure (like the string ans) is
locally defined.

Another important aspect of arguments is that changing values of the argument
will only affect the variables within the procedure. That is, the arguments are
passed to the procedure as, in effect, new variables. This behavior can be
changed for each variable by preceding the name of the variable by the keyword
VAR.

For example, the variable declaration VAR response:integer added to an
argument list effectively “links’ the variable used to cal the procedure to the
variable within the procedure. In fact, the name of the variable in the procedure
call need not be the same as the variable within the procedure. Hereisasimple
example:

PROCEDURE DoSoret hi ng( VAR nunmbl: | NTEGER, nunb2: | NTEGER)
a: STRI NG = "somet hi ng"
b: REAL = 7.2
I NC( nunb1)
I NC( nunb?2)
END {DoSoret hi ng}

a: | NTEGER
b: | NTEGER

5
10

DoSoret hi ng(a, b)
WRI TELN('a is ', a, ' and bis ', b)

This code fragment results in the output “a is 6 and b is 10". Thevalueof b
did not change because the vAR keyword was missing. Notice that within
DoSorret hi ng, new variablesa and b are declared.

Recursion

User-defined procedures (and functions) in mle support full recursion. That is, a
procedure can call itself, invoking a new copy of local parameters and variables
within each new nested call. Below isasimple example of arecursive function

PROCEDURE MyRecur si ve(r: REAL)
IFr < 10 THEN
MyRecursive(r + 1)
ELSE
WRITELN('r is ', r)
END {if}
END {M/Recursive}

MyRecur si ve(1)

The call on the last line will result in a cascade of 10 callsto MyRecur si ve before
finally printing the value 10. 0.

Procedure call
A cal to a procedure is a type of statement. Procedures are single word

commands that include zero or more arguments. These procedures perform some
specific task given a list of arguments. A number of intrinsic procedures are
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available in mle.  Additionally users can define new procedures (see
PROCEDURE declaration, page 131).

An example of a procedure is the statement DATAFI LE( " hanmes. dat ") found in
the example in Chapter 1 of the User’s Manual defines and opens up the datefile
used by the DATA statement. A list of all procedures, with examples, can be
found in the PROCEDURES chapter. Here are some examples:

DATAFI LE( " hammes. dat ")
OUTFI LE( " hammes. out ")
SEED(9734) {Set a random nunber seed}

REPEAT statement

The REPEAT statement provides a means of looping through statements until some
condition ismet. Theformat is

REPEAT
<st at enent s>
UNTI L <bexpr>

The <statements> are executed and then the boolean expression<bexpr> is
evaluated. If the result is FALSE, the loop repeats and < statements> are executed
again. When <bexpr> evaluates to TRUE, the loop terminates. A REPEAT
statement always executes the <statements> at least once.

WHILE statement

The wHI LE statement provides a means of looping through statements while some
condition ismet. Theformat is

WHI LE <bexpr> DO
<st at enent s>
END

The boolean expression <bexpr> is executed first. If the value is TRUE, the
<statements> are executed once and <bexpr> is evaluated again. The sequence
continues until <bexpr> evaluates to FALSE. That is, when <bexpr> is FALSE,
the loop terminates.

Other looping statements are the FOR statement (page 121) and the REPEAT (page
133) statement
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Chapter 8
Procedures

There are afew intrinsic procedures available in mle. Procedures are single word
commands that include zero or more arguments. Procedures perform some task
given the list of arguments. Procedures do not return a value the way a function
does. The following sections describes the procedures available in mle.

Built-in procedures

CHDIR(s)
Purpose:

Arguments:

Examples:
Notes:

See also;

CLOSE(f)
Purpose:

Arguments:

Examples:

See als0;

DATAFILE(s)
Purpose:

Arguments:

Changes into the directory s.
sisastring that contains the name of a directory.
CHDI R(”C:\TEMP") WRI TELN( GETDI R) writes CATEMP

File and directory names are case senditive on Unix systems. They
are not case sensitive on DOS and Windows systems.

MKDI R, RVDI R, function GETDI R, function DI REXI STS

Closesfilef.

f is a previously opened file. f must be defined as a FI LE variable.
Additionally, there are severa predefined file variables: FOUTPUT is
the standard output file. FOUTFILE is the file opened with the
OUTFI LE() procedure. FI NPUT is the standard input (the terminal by
default). FDATA isthe datafile usually opened with DATAFI LE() .

CLOSE( FOUTFI LE)
CLOSE(nyfil e)

COPENREAD, OPENVRI TE, FLUSH, QUTFI LE, DATAFI LE, function ECF

Opens up a data file for the DATA statement. Closes any previous
datafiles.

A single string expression
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Examples:

See als0;

DATATOARRAY(dL, d2,...

Purpose:

Arguments:

Examples:

See also:
DEC(i)

Purpose:

Arguments:

Examples:
See also:

DUMPSYMBOL(S)
Purpose:

Arguments:

See als0;

DUMPTABLE
Purpose:

Arguments:

See also:
ERASE(S)
Purpose:

Arguments:

Examples:

Notes:

See also:
EXEC(sl, s2)
Purpose:

Examples:
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DATAFI LE(“ nydat a. dat ")

DATAFI LE(fi | ename + ° + dat ext ensi on)

QUTFI LE

Converts a variable array created with a DATA statement to an
ordinary array.

A list of one or more variables that were created by a DATA statement
DATATQARRAY(i d, mi ssing)

DATA statement

Decrements variablei.

i iIsan | NTEGER variable. i must be a variable name, not a function, as
i will be updated with the new value.

DEC( x)
I NC, function | NC

Gives symboal table information about symbol s.
sisthe name of avariable, user-defined procedure or function.

DUMPTABLE

Dumps the entire symbol table.
none.

DUMPSYMBOL

Erases the file named s.
sisastring variable.

ERASE( “ FNAME. TMP")
ERASE( “ C: \ TEMP\ SAV. TMP")

The file names are not case sensitive in DOS and Windows systems.
File names are case sensitive in Unix systems

RVDI R, function EXI STS

Executes via the operating system command s1 with arguments s2

EXEC(’ command.comi, /¢ dir’) executes the DOS dir
command.

EXEC(’ sort.exe’,
command.

< f.dat > fs.dat’) executesthe DOS sort
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Notes:

See als0:

FINISHPLOT(b)
Purpose:

Arguments:

Examples:

Notes:

See als0;

FLUSH(f)
Purpose:

Arguments:

Examples:
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EXEC(’Is’, ’-1’) executesthe Unix | s command.

The exec function works like the EXEC procedure except that it
returns an error code.
Function EXEC

Closes and tries to display the current plot with Gnuplot.

b isaboolean expression. If bistrue, a Gnuplot pause -1 statement
is written to the plotfile. This causes the graph to be displayed until
some action is taken (key hit or click, depending on the device). If
the argument is FALSE, the pause statement is not written to the
plotfile.

FI Nl SHPLOT(TRUE) {wi |l pause}
FI Nl SHPLOT( FALSE) {wi |l not pause}

This procedure is useful for displaying a plot from within mle, or
automatically creating output for different graphics devices from
within mle. After closing the plotfile, the Gnuplot program is
executed with plotfile as its argument. This causes the plot to be
written to whatever terminal is defined. For example, if the
command set termnal w ndows (Windows) or set terninal
x11 (Unix) is specified in the plotfile, the graph will be displayed on
the screen. Other drivers will cause the plot to be written to the file
defined by a Gnuplot set out put command.

In order to execute the Gnuplot program, mle first uses the variable
GNUPLOT as the name of the executable program. By default
GNUPLOT="gnupl ot . exe” on DOS and Windows operating systems
and GNUPLOT="gnupl ot” on Unix systems. You can change this
variable to specify the full pathname and executable name for the
Gnuplot command, e.g. GNUPLOT="C: \ gnupl ot\ gnupl ot . exe”. If
the GNUPLOT variable does not point to a valid name, mle next checks
for an environment variable caled GNUPLOT, and tries to find the
corresponding program. If that fails, mle uses the environment
variable PATH to find the filename specified by the mle variable
G\UPLOT.  Finally, if that fails, mle uses the environment variable
PATH to find the filename specified by the GNUPLOT environment
variable.

OPENPLOTFI LE, WRI TEPLOT, WRI TEPLOTLN, PLOT statement

Flushes any buffered output for file f.

f is a previously opened file. f must be defined as a FI LE variable.
Additionally, there are severa predefined file variables: FOUTPUT is
the standard output file. FOUTFILE is the file opened with the
OUTFI LE() procedure.

FLUSH( FOUTFI LE)

FLUSH(nyfi | e)
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See als0;

GETDATE(y, m, d)

GETTIME(h, m, s, s100)

HALT

INC(i)

Purpose:

Arguments:

Examples:

See als0;

Purpose:

Arguments:

Examples:

See also:

Purpose:

Arguments:

Purpose:

Arguments:

Examples:
See also:

MKDIR(S)

Purpose:

Arguments:

Examples:
Notes:

See als0;
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OPENREAD, OPENVIRI TE, CLOSE, QUTFI LE, DATAFI LE

Returns the current date.

Requires from 1 to 3 integer variable arguments. The first will take
on the current year, the second the month and the third the day of the
month.

GETDATE(year) Returnsthe year

GETDATE(year, nonth) Returnsthe month and the year
GETDATE(year, nonth, day) Returnsthe year, month and day
GETTI ME

Returns the current time.

Requires from 1 to 4 integer variable arguments; (1) current hour, (2)
the current minute, (3) the current second day, and (4) the current
hundreds of a second.

GETTI ME(hour, mn, sec,
to the 100™ of a second.

s100) Returns the current time down

GETTI ME( hour, nin) Returnsthe current hour and minute

GETDATE

Terminates execution of the program.

None

Increments variablei.

i iIsan | NTEGER variable. i must be a variable name, not a function, as
i will be updated with the new value.

I NC( x)
DEC, function | NC

Creates the directory s.
sisastring that contains the name of a directory.
MKDI R(“\ TEMP") creates the directory \TEMP on the current drive

File and directory names are case sensitive on Unix systems. They
are not case sensitive on DOS and Windows systems.

CHDI R, RVDI R, function GETDI R, function DI REXI STS
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OPENAPPEND(f, s)
Purpose:

Arguments:
Examples:
See also:

OPENREAD(f, 9)
Purpose:

Arguments:

Examples:

See also:
OPENWRITE(f, s)

Purpose:
Arguments:

Examples:
See also:

OUTFILE(s)
Purpose:

Arguments:

Examples:

Notes:

See als0;

PLOTFILE(S)
Purpose:
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Opens text file f, named s, for appending. The file will be opened
and set for writing just after the last character in the file. Thefileis
appended with WRI TELN(f, <var1>, ..)).

fisaFl LE variable. sisastring that is the name of the file to append.
OPENAPPEND( f nanes, "nanes. dat")

OPENREAD, OPENVWRI TE, CLOSE, WRI TE, WRI TELN

Openstext file f, name s, for reading. Thefileisread with READLN( f,
<varl>, ...

fisaFl LE variable. sisastring that is the name of the file to open.
OPENREAD( f names, "nanes. dat")
OPENWRI TE, OPENAPPEND, CLOSE, READ, READLN

Opens text file f, named s, for writing. The file will be opened and
set to the beginning of the file (if it exists) or is newly created for
writing. Thefileiswritten with Wl TELN( f, <var1>, ...).

fisaFlI LE variable. sis a string that is the name of the file to create
or overwrite.

OPENVWRI TE( f nanes, "nanes. dat")

OPENREAD, OPENAPPEND, CLCSE, WRI TE, WRI TELN

Opens up an outfile to which analytical results are printed. Closes
any previous outfile. The DATA and MODEL statements report results
to the outfilee The sequence of operations corresponds to:
CLOSE( FOUTFI LE) OPENWRI TE( FOUTFI LE, 9)

s is a diring that is the name of the outfilee The function
DEFAULTOUTNAME is useful for picking a reasonable name for the
outfile.

QUTFI LE( " nydat a. out ")

QUTFI LE( DEFAULTOUTNAIVE)

File and directory names are case senditive on Unix systems. They
are not case sensitive on DOS and Windows systems.

DATAFI LE, Function DEFAUL TOUTNANE

Opens up afile to which a Gnuplot program is written. Also closes
any previous plotfile. This procedure must be called before a pLOT
statement can be exectued, a SURFACE can be executed, a
VRl TEPLOT, V\RI TEPLOTLN Or FI NI SHPLOT procedure can be called.
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Arguments: s is a dring that is the name of the plotfile. The function
DEFAULTPLOTNAME is useful for picking a reasonable name for the

plotfile. Namesshouldendin . plt for consistency with Gnuplot

Examples: PLOTFI LE( " nygr aph. pl t")
PLOTFI LE( DEFAULTPLOTNANE)
Notes: File and directory names are case senditive on Unix systems. They
are not case sensitive on DOS and Windows systems.
See also: Function DEFAULTPLOTNAME, procedures WRI TEPLOT, WRI TEPLOTLN
and FI NI SHPLOT, statements PLOT, MODEL (SURFACE option).
PRINT(a1, a2,...)
Purpose: Prints variables to the outfile without including a carriage return at
the end.
Arguments: Any number of arguments of any type except FI LE.
Examples: PRI NT("The value of x is ", X)
PRI NT("Sin(x) squared is ", SINx)"2)
See also: PRI NTLN, OUTFILE, WRI TE, WRI TELN
PRINTLN(al, a2,...)
Purpose: Prints variables to the ouitfile file and includes a carriage return at the
end.
Arguments: Any number of arguments of any type except FI LE.
Examples: PRI NTLN("The value of x is ", X)

PRI NTLN("Si n(x) squared is ", SINx)"2)
See also: PRI NT, QUTFILE, WRITE, WRI TELN
PTRANSFORM(VL, V2, €)

Purpose: Transforms one or more MODEL parameters into a new value and its
standard error. The value of eis evaluated and assigned to v1. The

standard error of v1 isassigned to v2.

Examples: The following MODEL statement will estimate alogistic regression and

then print atable of probabilities with standard errors.

MODEL {returns standard errors for a |ogistic regression}
DATA
PDF BERNOULLI TRI AL( out cone)
PARAM p LOW = -100 HIGH = 100 START = 0 FORM = LOG STIC
COVAR age PARAM b_age LOW = -100 HIGH = 100 START = 0 END
END {parant
END {bernoul litrial}
END {dat a}
RUN
FULL THEN
prob : REAL
SEpr ob: REAL
FOR x =1 to 50 DO
PTRANSFORM prob, SEprob, LOG STIC(p + x * b_age))
WRI TELN(x, * ‘, prob, ' *, SEprob)
END {for}
END {full then}
END {rmodel }
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Notes:

See als0;

READ(al, a2,...)
Purpose:

Arguments:

Examples:

See als0;

READLN(al, a2,...)
Purpose:

Arguments:

Examples:

See also:
RENAME(sL, s2)
Purpose:
Arguments:
Examples:
Notes:

See als0:

RMDIR(s)
Purpose:

Arguments:
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This procedure must be called within a MODEL. . . END statement.
Furthermore, the variance-covariance matrix must be computed and
cannot be singular. The expression e must be a full expression that
includes a least one of the free model parameters (or else the
standard error will be zero).

This procedure computes the standard error by first computing
(numericaly) an array of partial derivatives of the expression with
respect of each of the N free parameters in the model, d = (dx/dp;,

dx/dp,, . . dx/dpy). Next, the standard error is computed as +/d'Vd ,
whereV is the variance-covariance matrix.

Statements MODEL and PLOT, function SETRANSFORM

Reads variables from standard input, without reading a carriage
return at the end of line.

Any number of REAL, | NTEGER, STRI NG and CHAR arguments. FI LE
arguments will result in the remaining variables being read to the
specified file.

READ( X, Yy, z)
READ( f out put, x, y, z) { reads fromthe keyboard}
READLN, WRI TE, VRI TELN, EQLN, EOF

Reads variables from standard input through the end of the current
line.

Any number of REAL, | NTEGER, STRI NG and CHAR arguments. FI LE
arguments will result in the remaining variables being read to the
specified file.

READLN( X, Yy, Zz)

READLN(foutput, x, vy, 2z) { reads a line from the
keyboar d}

READ, WRI TE, WRI TELN

Renames the file named sl to s2.
sl and s2 are both string variables.
RENAVE(“ FNAME. TMP”, “FNAME. SAV")

The file names are not case sensitive in DOS and Windows systems.
File names are case sensitive in Unix systems

ERASE, function EXI STS

Deletes the directory named s.

sisastring that contains the name of a directory.
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Examples:
Notes:

See also:
SEED(i)

Purpose:

Arguments:

Examples:

Notes:
See als0;

WRITE(al, a2,...)
Purpose:

Arguments:

Examples:

See als0;

WRITELN(al, a2,...)
Purpose:

Arguments:

Examples:

See als0;

WRITEPLOT(al, a2,...)
Purpose:

Arguments:
Examples:
See also:

WRITEPLOTLN(a1, a2,...

Purpose:

mle Reference manual: Procedures

RVDI R(“\ TEMP") deletes the directory \TEMP on the current drive

File and directory names are case sensitive on Unix systems. They
are not case sensitive on DOS and Windows systems.

MKDI R, CHDI R, function GETDI R, function DI REXI STS

Seeds the random number generator.

A single positive integer argument.

SEED( 13234)

SEED( x)

Procedure GETTI ME can be used to generate pseudorandom seeds.
GETTI ME, functions RAND, | RAND, RRAND, variable RANDOVSEED

Writes a message to the terminal without including a carriage return
at theend.

Any number of arguments of any type. FI LE arguments will result in
the remaining variables being written to the specified file.

WRI TE(" The value of x is ", x)

WRI TE("Sin(x) squared is ", SIN(x)"2)

WRI TE(fout put, "Hello there") {wites to the screen}
VRl TELN, OUTFI LE, PRI NT, PRI NTLN, function pPUT

Writes a message to the terminal and includes a carriage return at the
end.

Any number of arguments of any type.

VRI TELN(" The value of x is ", x)
VWRI TELN(" Si n(x) squared is ", SIN(x)"2)

VWRI TELN(foutput, "Hello there") {wites the line to the
screen}

VRl TE, QUTFI LE, PRI NT, PRI NTLN, function PUT

Writes a message to the plotfile without including a carriage return at
the end.

Any number of arguments of any type except FI LE.
VWRI TEPLOT("set data style ", Xx)

VRI TEPLOTLN, PLOTFI LE, VRl TE, WRI TELN, PRI NT, PRI NTLN

Writes a message to the terminal and includes a carriage return at the
end.
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Arguments: Any number of arguments of any type.
Examples: WRI TEPLOTLN("set data style ", x)
See also: WRI TEPLOT, PLOTFI LE, WRI TE, WRI TELN, PRI NT, PRI NTLN
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Chapter 9

Continuous probability
density functions

This chapter describes the continuous probability density functions that are
defined in mle. Continuous PDFs are defined for real values of “time” (or t).

Notation and for mat

The following type of information is typically given:

A brief description of the PDF. For some PDFs, historical notes or
mechanism by which the distribution arises are given.

The intrinsic parameters and any constraints on the intrinsic parameters.
The“time” variables, and the range of these variables, if any.

The probability density function

The survival function

The hazard function

The quantile function.

One or more measures of central tendency (mean, median, mode) and
sometimes the variance given in terms of the intrinsic parameters.

Reduced forms of the model, other names commonly used for the PDF, and
references to related distributions and functions in How to read a data set
into mle.
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References to the primary source, or to a source that further describes the
characteristics of the distribution.

Graphs of the PDF, SDF, CDF, HF, quantile function, quantile density
function, p-PDF, and p-HF.
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ALPHA

Thisis the alpha distribution. This distribution has been used to model lifetimes
and tool wear.

Parameters: aand b
Constraints: a>0,b>0

Time variables: tu, te ta, tw. An exact failureis defined when t, = t.

Range: t>0
e 57U
bepe - 20
6 28 tog
PDF: ft)=
t°F (Q)V2p
F & -2
SDF: sty =—%t -2
F(a)
b
Quantile: t =—————
‘ a- F[gF (a)]
Median: b
a- F [F(@)/2]
Mode: Oandl
References: Johnson et al. (1994); Salvia (1985)
See also: INVGAUSSIAN
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Alpha Survival function

Alpha Probability density function
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ARCSINE

Thisis the parameterless arcsine distribution. The arc sine distribution arises as a
specia case of the Beta distribution when n =w. The PDF goesto infinity at t=0
andt=1.

Parameters: none.

Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.

Range: O£ t£1
PDF: f(t)= _
p/t(1- t)
SDF: S(t) :Earcsin(\ﬁ) =§arccos(2t- 1)
. PO
Quantile: t, = Sm875
Mean: 1/2
Median: 12
Mode: Oandl
Variance: 1/8
References: Johnson et al. (1995); Christensen (1984); Johnson et al. (1995);
Lévy (1939); Rao (1973)
See also: BETA
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ArcSine Probability density function
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ASYMPTOTICRANGE

This is the asymptotic range distribution.

Parameters: a (location), b (scale)
Constraints: b3 0

Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.

Range: ¥ <t<¥
2 -2 e .tag
PDF: f(t)y=—e P KOQZe .
b
e 2
SDF: S(t)=1- 2e K192e e
e %)
Mean: a+2g
Median: » a+0.92860 b
Mode: » 0.50637 b
Variance: b*p?/3
References: Christensen (1984); Gumbel (1947)
Bugs: The hazard function can be imprecise for b < 1 (see graph). This

error is probably due to instability in large values of K or Kj.
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AsymptoticRange Probability density function AsymptoticRange Survival function
035 T T T T T T T T 1 N ~ 7 T
08 B
i 0.6 .
= &
h 04 4
02 B
0
0 5 10 15 20 25 30 35 40 45 0 5 10 15 20 25 30 35 40 45
t t
AsymptoticRange Cumulative density function AsymptoticRange Hazard
1 — = 25
‘ = L T"100,08 ‘ ‘
10.0,2.0
—— 100,40
rrrrrrrrr 20.0, 1.0
08 . 2 - —— 200,30 7
0.6 | — 15 —
T g
04 4 1+
o2~ /i 10008 — — 05
0 0
0 5 10 15 20 25 30 35 40 45 0
t
AsymptoticRange Quantile function
45 T T T T T T T 45 T T T T
40 40
35 35
30 30
25 25
< <
20 ©20
15 15
10 10
5 5 F e
0 0 1 1 1
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
p p
AsymptoticRange p-Probability density function AsymptoticRange p-Hazard function
0.35 T T T T T T T T T 12 T T T T T T T

p-f(p)

0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
p p
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BETA
The Beta distribution is also called a Pearson Type | distribution. This
distribution takes on values from 0 to 1. The distribution is Jshaped when (w —
1)(n — 1) < 0 and is U-shaped for w < 1 and n < 1. For other n and w the
distribution is unimodial.
Parameters: n (shape 1) and w (shape 2)
Constraints: n3o,w30,n+w>0

Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.

Range: Of£tE£1
PDF: f(t) B
B(n,w)
SDF: S(t) = by(n, w)
Quantile: ty = 1q"(N, W)
Mean: n/(n +w)
i(n-D/(n+w-2), n>1 w>1
lo n<w,nf£lorw£l
Mode: !1 n>w, nElorw£l
:::Oandl n<l w<l n=w
f1/2 n=1 w=1
Variance: nw/[(n+w)*n +w+ 1)]

Reduced models: Reduces to the ARCSINE distribution when n = w = 1/2, reduces to
the power function distribution when w = 1, reduces to the uniform
distributionwhenn=w=1.

Other names: Pearson Typel or |1

References: Bayes (1763); Christensen (1984); Evans et al. (2000); Johnson et al.
(1995); Rao (1973)

154



mle Reference manual: Continuous PDFs

Beta Survival function
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Beta Survival function

Beta Probability density function
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BIRNBAUM SAUNDERS

Thisis the Birnbaum-Saunders distribution. The distribution is nearly symmetric
for small b, and becomes highly skewed for large b.

Parameters:

Constraints:

Time variables:

Range:

PDF:

SDF:

Quantile:

Mean:
Median:
Variance:
Other names:

References:

a (location), b (scale).

a2 0,b3o0
tu, te ta, tw. Anexact failureis defined when t, = t.
t>0
+2 € 1g-agl
f(t)= é—c—=U
Zb\/ @2t8 b a2Q
o - ao
Sit)=1-F
&bt o
2
tqz(qu+1/a+b7Fq)
a+b2
a
ab? + 5b%/4
Fatigue-life

Birnbaum and Saunders (1969); Johnson et al. (1994); Christensen
(1984)
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BirnbaumSaunders Probability density function
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BIVNORMAL

This is the bivariate norma (or Gaussian) distribution with five intrinsic

parameters.

Parameters:

Constraints:
Time variables:
Range:

PDF:

Mean:
Median:
Mode:

Variance:

Covariance(X, Y):

Notes:
See als0;

m, Sx, are the mean and standard deviation in the x dimension; m, s,
are the mean and standard deviationsin the y dimension, and r isthe
correlation between X and Y.

$:>0,5,>0,0£r £1

tLJX! tuyy teX1 teyy tam tay1 tWX1 twy

¥ <t<¥
€ 1 & t-m)? 2r(t-m)(t-m) (t- m)>al
*pe 2(1-r2)§ sr}) ) S.S E * sT/ =
ft,t)=—2F8 i . r A
X1ty
2ps,s y1-1?
m, m
m, m
m, m
2 2
SwSy
I S\Sy
Covariate effects cannot be modeled on the hazard.
NORMAL
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CAUCHY

Thisis the Cauchy distribution. The distribution is unimodal and symmetric and
with tails that extend to infinity. The quartilesarefoundasa—banda + b.

Parameters: a (location) and b (scale)
Constraints: b>0

Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.

Range: ¥ <t<¥
PDF: f(t)=— ! 7=
e ad-apl
pb §1+8 "
e 2Q
2arctan ?ba % p
SDF: S(t) = e
2p
Quantile: t,=a+btangp(q- 1)
Mean: Doesn't exist
Median: a
Mode: a
Variance: ¥
References: Johnson et al. (1994); Christensen (1984); Evans et a. (2000); Rao
(1973).
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Cauchy Survival function

Cauchy Probability density function
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CHI
Thisis the three-parameter chi distribution.
Parameters: a (location), b (scale), c (shape).
Constraints: a2 0,b>0,¢c30

Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.

Range: ts 0
5 _ .Cc-1 _%aig
PDF: f(t) = 2 B-30 %
bG(5)& b o
7 “2 AY
ogs 38 00
=2’ b ﬂ v
SDF: sit)=—8 4
G(3)
.c-1  ,o4-36
f%?'bag e &0
Hazard: h(t) = g

Quantile: q =a+h,/ci(c)

. 1
Mean: a+b\/§Ga@iLgGa§2
&2 5 823
_ fatbJc-1, c¢>1
Mode: i
Ta CEl
u
Variance: - 2b® eGa$+10 ae:(.)
58 6&2 82

Reduced models:  Reduces to a Rayleigh distribution with ¢ = 2, and a type of Maxwell
distribution with ¢ = 3.

References: Christensen (1984); Evans et a. (2000)
See also: RAYLEIGH, CHISQUARED, MAXWELL
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Chi Survival function

Chi Probability density function
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CHISQUARED

Thisisthe central Chi-squared distribution.

Parameters: a (location), b (scae)
Constraints: a3 0,b>0

Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.

Range: ts 0
a l 'L
t?' 2b
PDF: f)y=— "
(20)° G(3)
a t
SDF: S(t) = 9(3 ’aZb)
G(3)
a l 'L
tE' 2b
Hazard: h(t) = °
o(3. ) (20)°
Quantile: q =bci(a)
Mean: ab
Median: » ab —2/3, when ab islarge.
ib(a- 2), a>2
Mode: i
10, at?2
Variance: 2al’
Reduced models:  Reduces to an exponentia distribution with | =(2b)™* when a = 2.
References: Johnson et a. (1994); Christensen (1984); Evans et a. (2000);
Pearson (1900)
See also: GAMMA, CHI

164



1 T T T T T T
0.8 H 4
0.6 B
= \ &
04 E
02 B
0 esmte T —= 0
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
t t
ChiSquared Cumulative density function ChiSquared Hazard
1 T T — ;i 1 T T T T
e T T | .
- —— 0
g
08 08 0,
0.6 0.6
= g
04 [ 04 - ]
/ /
02 I/ i 02 | 1
0 ,'/ L - 0 e T
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
t t
ChiSquared Quantile function ChiSquared Quantile density function
50 T T T T T 50
— B8 —5
=1 | . 1848 |
40 - —— 2020 b 40 20,20 b
35 B
30 B
S5 L 4
625
20 B
15 b
10 B
5 |- .
0
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
p p
ChiSquared p-Probability density function ChiSquared p-Hazard function
1 1
U T T T 1010
20,10 -~
30,10 —
4.0, 4.0
0.8 - 20,20 —— - 08
0.6 B 0.6
= =
g =
o o
B 04
B 02
/
0
01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09

mle Reference manual: Continuous PDFs

ChiSquared Probability density function

ChiSquared Survival function
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p
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COMPOUNDEXTREME

This is the compound extreme value distribution.

Parameters: a (location), b (scale), c (shape).
Constraints: a>0,b>0,¢c>0

Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.

Range: ¥ <t<¥
PDF: fR)=—2°

(a+ beB)

e a 0
SDF: S(t) = -

&a+be g
Hazard: h(t) = —

ae’+b
Quantile t, :bln{% g(l- q)'c’l - 1%
Mean: b@n(2)+9- vy (©H
Median: ln‘?%(z%- 1)EJb

é a

Mode: bin (bic)
Variance: b7y €1) —y €c)]
References: Christensen (1984); Johnson et a. (1995)

See also: LARGEEXTREME
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DANIELS

Thisis the parameterless Daniel's distribution.

Parameters: none

Time variables: tu, te ta, tw. An exact failureis defined when t, = t.

Range: ts 0

PDF: f(t) =(1+t)”

SDF: Sty =(1+t)"

Hazard: h(t) = (1+t)"

- -9

uantile: t,=——

Q 171 q

Mean: ¥

Median: 1

Mode: 0

Variance: ¥

References: Christensen (1984); Daniels (1945)
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Daniels Probability density function
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DISK

The disk distribution begins at mode a and monotonically approaches zero at a +
4b, somewhat akin to a shifted negative exponential distribution.

Parameters: a (location), b (scale)

Constraints: b>0

Time variables: tu, te ta, tw. Anexact fallureis defined when t, = t.
Range: attfa+4b

1 ft a t- ag 2 . t-ao
PDF: ft——-— -—- — =
® \/b € Mg pbo gz\/

A+ -
S(t)—§-t a+t a+2b [t- aae4_ ao
2 b 4pb b & b g
SDF:
0
+£arcsmaé a- 2bo 2t a- 2b . t- a
p & 2 5 gz\/
Mean: a+b
Median: »a+0.7944 b
Mode: a
Variance: 2b%3
References: Borel (1925); Christensen (1984)
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Disk Survival function
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EXPONENTIAL

The exponential is commonly used in reliability engineering, queuing theory and
biology. The 'memoryless property of the exponential distribution is an
important characteristic. It says, in effect, that for a survivor, future times to
failure are completely independent of the past. Another way to express the
property isthat the hazard of failure is constant.

Parameter:

Time variables:

Range:
PDF:

SDF:
Hazard:
Quantile:
Mean:
Median:
Mode:
Variance:
References:

See als0;

| (hazard and 1/scale).
tu, te ta, tw. Anexact faillureis defined when t, = te
ts 0

f(t) =1 exp(H t)

St = exp(H 1)

h(t) =1

ty=—In(1 —q)/l

U

In(2)/1

0

U2

Johnson et a. (1994); Christensen (1984); Evans et al. (2000);
Nelson (1982)

The SHIFTEXPONENTIAL distribution is a 2 parameter (location-
scale) version of this distribution.

172



f(t)

()

Q(p)

p-f(p)

0.2
0.18
0.16
0.14
0.12

0.1
0.08
0.06
0.04
0.02

mle Reference manual: Continuous PDFs
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T T T

0.1

—T
PRoo
gIoUN

Exponential Cumulative density function

——— T —— T

20

t

Exponential Quantile function

12

15

16

03 04

Exponential p-Probability density function

14 -

12 -

08 -

0

01 02 03 04 05 06 07 08 09
p

1

Exponential Survival function
T T

1 T
08 B B
06 | S~ |
= \\\\ \\\
%23 N \\\
04 —~—
02 - T 1
. \\;\ ——————— -
0 1 \\r—\\
2 4 6 8 10 12
t
Exponential Hazard
1 T T o1
0.2
%
08 15 A
0.6 B
z
04 -
0.2
0
2 4 6 8 10 12
t
Exponential Quantile density function
20 T T T

0.2

03 04

15

Exponential p-Hazard function
T T T T T T

p-h(p)

0.5

0 o1

173

02 03 04 05 06 07 08 09 1
p



mle Reference manual: Continuous PDFs

FOLDEDNORMAL

This distribution describes the absolute value of a normally distributed random
variable.

Parameters: mis a location parameter, s is the scale parameter that correspond to
the unfolded normal distribution.
Constraints: s>0,m2 0

Time variables: tu, te, ta, tw. An exact failure is defined when t, = t.. For censored
and truncated times, positive values of t,, t., t,, and t, should be

used.
Range: ¥ <t<¥
1 mo 1 +mg
PDF: f(t)_—faé 6 1lfa8+mo
S g S S g
SDF: S(t) =1- F?:' mo, F?éet' mo
s @ s @
Mean: s\ﬁ eop® T O @ MmO
P 8 25" g 8 s@g
Mode: Ofor m£ s, otherwise> 0
e Ou
Variance: s?+nf - es[exp m? merf c— m
8 25° g ev2s? gg
Reduced models:  Reduces to the haf-normal distribution when m= 0.
References: Johnson et al. (1994).
See also: NORMAL
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FoldedNormal Probability density function
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GAMMA

This is the gamma distribution, also known as the Pearson Type |11 distribution.

Parameters:
Constraints:
Time variables:

Range:

PDF:

SDF:

Hazard:

Quantile:
Mean:

Mode:

Variance:
Reduced modds;

Other names:
References:

See als0;

| (hazard and 1/scale), c (shape)
| >0,c>0
tu, te ta, tw. Anexact failureis defined when t, = t.
t3 0
cgc-1
f(t):_l_t__IT
Gc)e
Glc,lt
S(t) = —( )
G(c)
I CtC-l

"= Serne

cs(2c)

a 2

cll

ic-n/,  c>1
%O CEl
cll 2

Reduces to an exponentia distribution when ¢ = 1. Reduces to an
Erland distribution when parameter ¢ is an integer. Reduces to a
Chi-squared distribution with ¢ = n/2. This distribution is the
SHIFTGAMMA distribution witha=0and /b =1 .

Pearson Type I11

Johnson et a. (1994); Christensen (1984), Elandt-Johnson and
Johnson (1980), Evans et al. (2000), Kalbfleisch and Prentice (1980).

EXPONENTIAL, SHIFTGAMMA, GENGAMMA
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Gamma Survival function
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Gamma Survival function
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GAMMAFRAIL

This distribution serves as a model of constant hazard (negative exponential
density of failure times) for each individual, but gamma-distributed frailty
(heterogeneity) among individuals.

Parameters:
Constraints:
Time variables:

Range:

PDF:

SDF:

Hazard:

Quantile:

Mean:

Median:

Variance:

References:
See als0;

| (hazard and 1/scale), c (shape)
| >0,c2 0

tu, te ta, tw. An exact failureis defined when t, = t..

t3 0
ICC+1
ft)=——
() (It+C)C+l
®C 0
S(t) = =
®) 8c+ltéj
I c
h(t):Ct+C
ceel 0]
t =—c—-1+
&
C
I (c-1)
cel O
t,=— -1+
CTER S
C3

| ?(c- D?*(c- 2)

EXPONENTIAL, GAMMA
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GammaFrail Survival function

GammaFrail Probability density function

GammaFrail Hazard

GammaFrail Cumulative density function
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GENGAMMA

This is the four parameter (shifted) gamma distribution, also known as the
Pearson Type Il distribution.

Parameters:

Constraints:
Time variables:

Range:

PDF:

SDF:

Hazard:

Quantile:

Mean:

Mode:

Variance:
Reduced modds;

References:

a (location), b (scale, inverse of the hazard), ¢ (1¥ shape), d (2™
shape).
b>0,¢c>0,d>0

tu, te ta, tw. Anexact failureis defined when t, = t.

ts a
d(t- a)Cd'le_g{t_bagd
f(t)= i
b*G(c)
€ a-ap U
Gee, 229
e &b oy
S(t) =
G(c)
_28-ap
h(t)_d(t- a)"letr
T é 4-adu
bngc,?ag U
é 24

, -1
t,=a+bgcg(20)H

G(c+d'l)

atb———*
G(c)

3 ,d-1
:a+2££'9 cd>1
i dé d 5
{a cd£1
b’c

Reduces to the shifted gamma distribution when d = 1. Reduces to
the shifted exponential when ¢ =1 and d = 1. Reduces to the shifted
Weibull distribution when ¢ = 1. Reduces to the Chi-squared
distribution with v degrees of freedomwhena=0, b=2, c=v/2, and
d=1.

Christensen (1984); Evans et al. (2000); Kalbfleisch and Prentice
(1980).
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See also: SHIFTEXPONENTIAL, GAMMA, SHIFTGAMMA,
CHISQUARED, SHIFTWEIBULL
Bugs: Currently is only implemented with three intrinsic parameters!
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GENGUMBEL

Thisis the three-parameter generalized Gumbel distribution.

Parameters: a (location), b (scale), ¢ (shape)
Constraints: a>0,b>0,¢c>0

Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.

Range: ¥ <t<¥
é ct U
PDF: ft— exA—-aeb'
(t) PE b i
(C ae )
SDF: S(t) =
Hazard: f (t) :Lxexpg- A aetl
bg(c, ae'B) & b i
Mean: b[In(a) —y (c)]
Median: bin(a/c)
Variance: b «c)
References: Ahujaand Nash (1967); Christensen (1984)
See also: GUMBEL
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GenGumbel Survival function

GenGumbel Probability density function
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GOMPERTZ

This is the Gompertz distribution, which is sometimes used as a model of
senescent mortality (with b > 0) and infant mortality (with b < 0).

Parameters: a (scale), b (shape)

Constraints: a3 o

Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.

Range: ts 0
PDF:
i1, b3 0
: a bty U I o1
ft)=aexppt+—(1- € )N N={ae 20
b H jd-e:  b<0
Te [}
éa bty U
SDF: S(t)=expa-(1- €’ )N
(t) pr( )H
Hazard: h(t) = a exp(bt)
Reduced models:  When b = 0, the PDF is exponential with parameter a.
References: Johnson et al. (1995); Christensen (1984)
See also: EXPONENTIAL, MAKEHAM, MIXMAKEHAM, SILER
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Gompertz Probability density function Gompertz Survival function
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Gompertz Probability density function
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HORSESHOE

This is the horseshoe distribution. The distribution is a mirrored power function;
it discontinuous at the mean, and the mirror-like symmetrical is down the mean.
Except when c is zero, the distribution is always bimodal.

Parameters:
Constraints:
Time variables:

Range:

PDF:

SDF:

Quantile

Mean:

Median:

Mode:

Variance:
Reduced models:

References:
See als0;

a (location), b (scale), ¢ (shape)

b>0,c30

tu, te ta, tw. Anexact failureis defined when t, = t.
(@a—=b)£t£ (a+b)

C

f(t):c_+1x-a
2b| b
‘l é _ C+ll]
'|'%@_- w(_ag l:ly X3a
978 b 5 g
S(t) =i . 1
! ey
-}%gﬁ?x—ag 0 x£a
i'e b g g
La+b(2q- 1) 31/2
_1 - ’ q
tq_l (c+1)t
fa- b(1- 29)" | q£1/2
a
a
axzb

b(c + 1)/(c + 3)

Reduces to a uniform distribution when ¢ = 0. Reduces to the
symmetric quad when ¢ = 2, the symmetric quart when cis 4, and the
symmetric sextic when ¢ = 6.

Christensen (1985)
POWER
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Horseshoe Survival function
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HYPERBOLICSECANT

Thisis the hyperbolic secant distribution. The distribution is symmetric about a.

Parameters: a (location), b (scale)
Constraints: b>0

Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.

Range: ts 0
PDF: F(t) =~ sech®3- 20
8 b o
SDF: B a%
. apg o
Quantile: t —a+b|netan8
2 &
Mean: a
Median: a
Mode: a
Variance: b*p’/4
References: Christensen (1984), Perks (1932), Talacko (1956)
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HyperbolicSecant Probability density function
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HYPER2EXP

This is a two-point hyperexponential (or mixed-exponential) distribution. It
arises when the entire system falls when ether of two constant-hazard
components fails. The distribution has been used as a model of fetal loss (Wood
1994; Holman 1996) and CPU service times (Kishor et al. 1982), and many other

systems.

Parameters:

Constraints:
Time variables:
Range:

PDF:

SDF:

Hazard:

Mean:

Mode:

Variance:

Reduced modds;

Notes:
Other names:

References:

See als0;

p (initial proportion in subgroup 1); |, (constant hazard in
subgroupl); | , (constant hazard in subgroup 2).

OEpE£LI130120

tu, te ta, tw. Anexact failureis defined when t, = t.

ts 0

f(t) = pl 1 exp(H 1t) + (1 —p) | 2 exp(H 2t)

SO = pexp(H at) + (1 -p) exp(- 2t)

() = P2 &RC LD+ (1 Pl exp(-] )
pexp(-1,t)+(1- p)exp(-1 t)

P, p)
P
0
, (2
2p,21-p) ¢p_ (- pu
2 2 e
I I3 éll I, 1]

When | =1, and p isfixed to any value between 0 and 1, the PDF
is exponential with parameter | ;.

The distribution is frequently parameterized ass;® 1/l 5, s.® Ul ,.
mixed exponential distribution, Schuhl distribution.

Johnson et al. (1994); Christensen (1984); Holman (1995); Kishor
(1982)

EXPONENTIAL, HY PO2EXP
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Hyper2Exp Survival function
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HYPOZ2EXP

Thisisa 2-point hypoexponentia distribution. It describes atwo stage processin
which two independent exponentially distributed components must both fail for
the entire system to fail. It arises by taking the convolution of two independent
and exponentially distributed components. The distribution has been used to
describe 1/0 operations in computer systems (Kishor et a. 1982).

Parameter:

Constraints:
Time variables:

Range:

PDF:

SDF:

Hazard:

Variance:

References:
See als0;
Bugs:

| 1 (hazard for the first component), | , (hazard for the second
component)

|13 0;|23 0,|11 |2
tu, te ta, tw. Anexact failureis defined when t, = t.

t3 0

f(t) — I 1| z[exp('ll 1f)|' exp('| zt)]

S('[) - I 2 exp(- I Ilt)-_ II 1exp(' I 2t)

h(t) — I 1| 2[exp(' I 1t)' exp(' I zt)]
I zexp(' I 1t)' I 1exp(' I 2t)

1 1

4+ =

I, 1y

1.1

1713

Christensen (1984); Kishor (1982)
EXPONENTIAL; HY PER2EXP

The quantile density function does not work correctly
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Hypo2Exp Probability density function Hypo2Exp Survival function
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INVBETA1

Thisisthe inverted beta type 1 distribution.

Parameters: a b c
Constraints: a2 0,b>0,¢c30

Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.

Range: t3sc
b-1
c?(t-c
PDF: f(t)= (—)M
B(a,b)t
SDF: St) = Bu(a, b)
Mean: c@tb-) .54
a-1
1 c(a+b) b>1
Mode: | a+l
fc b£1l
2 -
Variance: w a>
(a-1)7(a- 2)
References: Christensen (1984); Evans et a. (2000)
See also: INVBETA2
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Hypo2Exp Survival function

Hypo2Exp Probability density function
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INVBETAZ2

Thisisthe inverted beta type 2 distribution.

Parameters: a b c
Constraints: a>0,b>0,c30

Time variables: tu, te ta, tw. An exact failureis defined when t, = t.

Range: ts 0
bga-1
PDF: f)=— S
B(a,b)(t+c)
SDF: at) = bu(t+c)(a, b)
Mean: @ b>1
b-1
1c@a- 1) a>1
Mode: i b+l
{o afl
2 -
Variance: w
(b-1)"(b- 2)
References: Christensen (1984); Evans et a. (2000)
See also: INVBETA1
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InvBeta2 Survival function
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INVCHI
Thisistheinverted chi distribution.
Parameters: ab
Constraints: a>0,b>0

Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.

Range: ts 0
L .
22 nl-al2 At
PDF: fy=8" 2" abs
bG(a/2) &t &
g€a/2,(2 ‘0
SDF: S(t):e—(‘“)u
G(a/2)
pgsd- 1u
€2 H
Mean: St)=——— a>1
© V2G(al2)
b
Mode:
va+l
sa- 107
DG
N _ b €2 H
Variance: S(t) = - >, a>2
a- 2 ZG(a/2)
References: Christensen (1984)
See also: CHI
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InvChi Survival function
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INVGAMMA

This is the inverted gamma distribution, also caled the Person type V
distribution.

Parameters: b (scale), c (shape).
Constraints: a>0,b>0

Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.

Range: ts 0
_ b/t .c+l
PDF: f)=—__ 20
bG(c) &t
t
SDF: sty = 4820
Gc)
_ b/t .c+l
Hazard: hy=—° &0
ba(c,b/t) &t 7
Quantile: t, = 22—b
C; 4(20)
Mean: b/(c-1), a>1
Mode: b/(c+1)
Variance: bc-1)%*c-2)* a>2
Other names: Inverse normal distribution.
References: Christensen (1984); Evans et a. (2000); Pearson (1895)
See also: GAMMA, INVBETAL, INVBETA2
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InvGamma Survival function
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INVGAUSSIAN

Thisis the inverse Gaussian distribution, which includes the Wald distribution as
a special case. This distribution is a special case of the Pearson Type V

distribution.

Parameters:
Constraints:
Time variables:

Range:

PDF:

SDF:

Mean:

Mode:

Variance:
Reduced modds;

References:

See als0:

b (scale), ¢ (shape)
b30,c20
ty, te, ta, tw
t>0

. An exact fallureis defined when t, = te.

o

f(t) = = U
2

@ 2C2t 8b

et-bco

& oVt o

- bco
1- F
(t) 8C\/_ﬂ

bc
bc(\/1+ 9¢?/4 +3c/ 2)

b*c®
Approaches the Normal distribution asb ® ¥. Reduces to the Wald
distribution when b = 1/c.

Chhikara and Folks (1989), Christensen (1984), Evans et al. (2000),
Folks and Chhikara (1978), Jergensen (1982), Schrodinger (1915),
Tweedie (1947), Wald (1947)

RANDOMWALK

2/CF
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LAPLACE

Thisis the Laplace distribution, also known as a double-exponential distribution.
The distribution is discontinuous at a, and declines to the left and right
exponentially.

Parameters:
Constraints:
Time variables:

Range:

PDF:

SDF:

Mean:
Median:
Mode:
Variance:

Other names:

References:
See als0;

a (location), b (scale)

b3 0
tu, te ta, tw. Anexact failureis defined when t, = t.
t3 0
-2
e b
f(t)= 5
i .ta
_j3e ", tsa
S(t) =1 .
11-1e v, t<a
a
a
a
20°

Bilateral exponential, double exponential, Laplace's first law of error,
two-tailed exponential .

Christensen (1984), Evans et a. (2000), Laplace (1774)
EXPONENTIAL, SUBBOTIN
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LARGEEXTREME1 and GUMBEL

This is the type 1 largest extreme vaue distribution. This is also one type of
Gumbel distribution.

Parameters: a (location) and b (scale)
Constraints: b3 0

Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.

Range: ¥ <t<¥
1 ét-a @ t-asl
PDF: ft) =—expa - &Xpec- ¢
® b pg b pg b %
t- adl
SDF: S(t) =1- exp. expae t-ag
&€ b
et-ao
eng b &
Hazard: h(t) = — g .
e et-aou U
bgexp oA
€' & bdl g
Mean: a—kb k» 0.57721... is Euler's constant
Median: a—blog[log(2)]
Mode: a (»36.8th percentile)
Variance: b*p?/6
References: Evans et a. (2000), Johnson et a. (1994), Nelson (1982)
See also: SMALLEXTREMEL, LARGEEXTREME2, WEIBULL
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LARGEEXTREMEZ2
This is the type 2 largest extreme value distribution, also known as the Frechet
distribution.
Parameters: a (location), b (scale), ¢ (shape)
Constraints: b30,c30
Time variables: tu, te ta, tw. An exact failureis defined when t, = t..
Range: aft<¥
oo 6 4. )
PDF: f)=cB 20 ope 2220
&b 6&b g
€ a-agp U
SDF: S(t) =1- expé-c——=
68D 5 g
g-ag” € ag-agl
Cg + eXpe 8 - u
b g geé€b gy
Hazard: h(t) = - —
© ad-ao U
L-epe ey = u
e 2 0
Quantile: t, = a+ b[-In(g)]™°
Median: a+ b[In(2)]™°
References:
See also: LARGEEXTREMEL, SMALLEXTREME?2
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LargeExtreme2 Probability density function

LargeExtreme2 Survival function
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LINEARHAZARD

The linear hazard rate distribution is so-called because the hazard increases
monatonically with time.

Parameters: | (constant hazard), b (scale).

Constraints: | 30,b>0

Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.

Range: ts 0

PDF: f(t)=( +bt)exp(-1t- 1bt?)
SDF: S(t) =exp(- | t- 1bt?)
Hazard: h(t) =1 +bt

Other names: Truncated Rayleigh

References: Lee (1992); Christensen (1984)
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LNGAMMA

This is the log-gamma distribution.

Parameters: a (location), b (scale, inverse of the hazard), ¢ (shape)
Constraints: b30,c¢c30

Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.

Range: ts a
o1 _In(t)-a
In(t) - b
PDF: f=ln®-2] e
b°G(c)t
Gg%’ In(tz)- ag
SDF: st=—%—~> 92
G(c)
References:
See also: GAMMA
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LNLOGISTIC

Thisisthelog-logistic distribution.

Parameters: a (location), b (scale), c (shape).
Constraint: b>0,¢c>0
Time variables: tu, te ta, tw. Anexact faillureis defined when t, = te

Range: ¥ <t<¥
E & -a Oc 1
PDF: f(t)= M
elrey =
e Q’ 9!
- aicl !
SDF: S(t) =1- §L+e au o
§b Hy
Quantile: =a /
Mean: a+b ep cscaa—)
&l
Median: a+b
Mode: a+bg c-1
c+1
Notes: This distribution is sometimes reparameterized so that cC® ¢l b® e,
and c® 0.
References: Johnson et a. (1995); Shah and Dave (1963)
Other names: Fisk
See also: LOGISTIC
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LOGISTIC

The logistic distribution.

Parameters: a (location), b (scale).
Constraint: b>0
Time variables: tu, te ta, tw. Anexact faillureis defined when t, = te

Range: —¥ <t<¥
et-ad
eng' T
f(t)= 2
é a@t-al
PDF: bal+expc- 1
g ePE b A
:i 2%' aO
4" &2b g
i 5t - aul
S(t) = {1+ exp a— 1
) &b
SDF:
:121_ tanhm-_adil
28 & 2o a4
1i 5 - adl
Hazard: h(t) = = {1+exp s — ooy
bt g8 b
. a- go
Quantile: t,=a- blnc—=
4 g
Mean: a
Median: a
Mode: a
Variance: p’b/3
Other names: sech-squared distribution.
References: Johnson et al. (1995); Christensen (1984); Evans et a. (2000)
See aso: LNLOGISTIC
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LOGNORMAL or LNNORMAL

Thisisthelognormal distribution.

Parameters:
Constraints:
Time variables:

Range:

PDF:

SDF:

Quantile:
Mean:
Median:
Mode:
Variance:

Notes:

Other names:

References:
See als0;

a (location), b (scale).

b>0

tu, te ta, tw. Anexact faillureis defined when t, = te
ts a

e [in(t)- a]*

EEE

f(t) =

1
thv/2p
éin(t)- au
&€ b H
ty = expla+ b F o(q)]
exp(a + b/2)
exp(a)
exp(a)/exp(b’)
exp(2a + b)[exp(b?) — 1]

This distribution is related to the SHIFTLOGNORMAL distribution
as follows. The two-parameter LNNORMAL cumulative density is
found from the Normal density by taking F {[In(t) — a]/b} whereasin
the three parameter SHIFTLOGNORMAL we take F{In[(t —
a)/b]/c}.

The lognormal is sometimes called the antilognormal, logarithmico-
normal, Cobb-Douglas, the Gaton-McAlister, van Uven, or the
Kapteyn-Gibrat distributions.

Johnson et al. (1994), Evans et al. (2000), Nelson (1982)
NORMAL, SHIFTLOGNORMAL

S(t)y=1-F
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LOWMAX

Thisisthe Lowmax distribution, which is a generalized Pareto distribution.

Parameters:
Constraints:

Time variables:

Range: atbEt<¥
PDF: F()=—02C

(t _ a)c+l
SDF: St) =[(t—a)/b]™®
Quantile: t,=a+ b(1l-q)™°
Mean: a+ bc/(c-1), c>1
Median: a+b¢/2
Mode: a+b
Variance: LZ c>

(c- 2)(c-2

Reduced models:  Reduces to the Pareto distribution when a= 0
Other names: Pareto distribution of the second kind, Pearson type V1.
References: Johnson et al. (1994); Christensen (1984)
See also: PARETO

a (location), b (scale), c (shape).
b3 0,¢c>0
tu, te ta, tw. Anexact failureis defined when t, = t.
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Lowmax Survival function
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MAKEHAM

This is the Makeham-Gompertz (also caled the Gompertz-Makeham)
distribution frequently used as a competing hazards model for mortality. The a;
parameter is interpreted as accidental mortality component, and the a, and b
parameters make up the senescent mortality component.

Parameters:
Constraints:
Time variables:

Range:

PDF:

SDF:
Hazard:

Reduced modds;

References:
See als0;

a;, axand b

3 0,a%0

tu, te ta, tw. Anexact fallureis defined when t, = t.
t3 0

f0)=(a+ad|engat+ 20 &)y

S(t) :expg- at+ ¥ (L- ebt)a

h(t) = a; + a, exp(bt)

a; = 0 reduces to a Gompertz PDF with parameters a,and b. b=0
and either a; or a, are constrained, reduces to an exponential with
parameter a; + a,.

Elandt-Johnson and Johnson (1980)
EXPONENTIAL, GOMPERTZ, MIXMAKEHAM, SILER
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MAXWELL

This is the two-parameter Maxwell-Boltzmann distribution. It is used to model
the distribution of particles at equilibrium in statistical mechanics.

Parameters: a (location), b (scale).
Constraints: b3 0
Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.

Range: ts 0
2 a@-ad
a&-a0d _¢p;
PDF: f)=——=c——xe°°7,
\/68 b g
- ao
SDF: Sty =ef B30 2 #-230.5% 5
€b 5 \/68 b g
Mean: .':1+2—b
Vp
Mode: a+b
Variance: b*(3- 4)
References: Christensen (1984), Maxwell (1860a,b), Rao (1973)
See also: RAYLEIGH, CHISQUARED, CHI
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MIXMAKEHAM

This is the mixed-Makeham distribution, which can be used to model the human
lifespan

Parameters: p (initial proportion in risk group 1), | ; (constant hazard in subgroup
1), |, (constant hazard in subgroup 2), | 3 (senescent hazard), b
(senescent shape)

Constraints: OEp£11,30/1,30,1330
Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.

Range: ts 0

f(t) = Npexpg-l t+'b b ) e1.)

|
PDF: +N[1- p]expg | t+—2 . (1 e )H(I L+l 3e"‘),
i1 b3 0
N=je 16
Te [
SDF:

S(t):Npexp8 t+|—(1 e )H+N[1- p]exp8 t+|—(1 e’ );
Hazard: h(t) = p@)l ,+[1- p@)]l ,+I €*

where

pexpgl t+I (1 e° )H

p(t) = B 5 i -
pexpg-l 2 2 (1- € ) -+[1- p]expg —3(1 e )H

Reduced models:  Reduces to a Makeham-Gompertz if p= 0 or 1, reduces to an 2 point
hyperexponential exponentia if | 3 = 0, reduces to an exponential if
| 3=0andp=0or 1, reducesto aGompertzif | ;=0and| ,=0.

References: Wood et al. (2001)
See also: MAKEHAM, GOMPERTZ, SILER, EXPONENTIAL
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NORMAL or GAUSSIAN

This is the commonly-used normal distribution, aso called the Gaussian
distribution and Laplace's second law of error. The normal is odd (but certainly
possible) as a failure time distribution because times can take any value from -¥

to¥.

Parameters:
Constraints:
Time variables:

Range:

PDF:

SDF:

Mean:
Median:
Mode:
Variance:

Notes:

Other names:
References:
See also;

mis alocation parameter, s isthe scale parameter.

s>0
tu, te ta, tw. Anexact faillureis defined when t, = te
¥ <t<¥

1 é- (t- m>u
(0= preme o g
S(t) =1- Fa-—mg,

s @

m
m
m
SZ

The standard (or unit) normal is defined when m=0and s = 1. An
accelerated failure time specification of covariates is created for the
normal distribution by modeling mas FORM = LOGLI N and specifying
a CovAR list. A probit model is estimated when for every
observation, either t,=NEG NFI NI TY Of te = | NFI NI TY.

Gaussian, Laplace's second law of error.
Johnson et al. (1994); Christensen (1984); Evans et al. (2000)
LOGNORMAL, BIVNORMAL, function ERF, function
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Normal Survival function
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PARETO

Thisis the Pareto distribution of the first kind.

Parameters: b (scae), c (shape).
Constraints: b30,¢c>0

Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.

Range: bEt<¥
_b°
PDF: f(t)= oL
SDF: St) = (t/b)™
Hazard: clt
Quantile: t, = b(1-q)™*
Mean: bc/(c-1), c>1
Median: b$/2
Mode: b
2
Variance: LZ c>2
(c- 2)(c-2
References: Christensen (1984), Evans et a. (2000)
See also: LOWMAX
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Pareto Survival function

Pareto Probability density function
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POWERFUNCTION

Parameters:
Constraints:
Time variables:

Range:

PDF:

SDF:

Quantile:

Mean:

Median:

Mode:

Variance:

Reduced modds;
References:
See als0;

a (location), b (scale), ¢ (shape)

b>0,c30

tu, te ta, tw. Anexact failureis defined when t, = t.
attEa+b

c-1
cCad-ao
f(t)y=—F"29
(t) S b 5
a-ao
S =1- 2-99
&b g
ty=a+ bg"”°
a+bc/(c+1)
a+b2"°
ia+h, c31
fa+b/2, c=1
1a, c<1
b’c
(c+2)(c+D)’

Reduces to the uniform distribution when ¢ = 1.
Christensen (1984), Evans et al. (2000)

REVPOWERFUNCTION, LOGISTIC, WEIBULL,
BETA, PARETO
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PowerFunction Survival function
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RAISEDCOSINE

Thisisthe raised cosine distribution.

Parameters: a (location), b (scale)
Constraints: b3 0

Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.

Range: —pb+aftEpb+a
1+ cosgEt ~ a9
PDF: f(t) = g
2pb
SDF: sy=1.1@-a0 1, a-2a6
2 pé&bgop b g
Mean: a
Median: a
Mode: a
Variance: b*(p?/3 - 2)
References: Chew (1968), Christensen (1984)
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RaisedCosine Probability density function
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RANDOMWALK

Thisisthe random walk distribution.

Parameters: b (scale), ¢ (shape)
Constraints: b>0,¢c>0

Time variables: tu, te ta, tw. Anexact failureis defined when t, = t..

Range: t>0
é ¢2 £U
PDF: ft)=—~ _expa S132 10
2obt g 2b&t cgg
SDF: S(t)=1- F 210 gup @b 10
8 bt g 8 Jbt g
M ean: b(1+c)
Mode: bvc®+1/4-b/2
Variance: b*(2 + ¢)
References: Christensen (1984), Wise (1966)
See also: INVGAUSSIAN
Bugs: The hazard function sometimes returns bad values (see graphs).
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RandomWalk Probability density function
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RAYLEIGH
Parameter: b (scale)
Constraints: b>0

Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.

Range: t>0
t é t*u
PDF: f)==expe —=q
b? & 2b? ]
é t°u
SDF: Sit) =expe =0
& 2%
Hazard: h(t) = t/b°
Median: b./log(4)
Mode: b
References:
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Rayleigh Probability density function
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REVPOWERFUNCTION

Thisisthe reversed power distribution.

Parameters: a (location), b (scale), ¢ (shape)
Constraints: b>0,c30

Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.

Range: atftfa+b
+h-te&t
PDF: f(r)=S@BTD-10
b& b g
_ ai t-a ('jC
SDF: St)=¢cl- —=
& b g
Quantile: t, = a+ b[1-1-9)"]
Mean: a+bl(c+1)
Median: a+b(1- 2'1’°)
ia, c>1
Mode: :'a+b/2, c=1
La+b, c<1
2
Variance: LZ
(c+2)(c+)
Reduced models:  Reduces to the uniform distribution when ¢ = 1.
References: Christensen (1984).
See also: POWERFUNCTION
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RevPowerFunction Survival function

RevPowerFunction Probability density function

10

RevPowerFunction Hazard

0.6

s

0.4

0.6

0.4
2
0

Mu

10

RevPowerFunction Cumulative density function

0.6

0.5

[OF]

10

10

RevPowerFunction Quantile density function

RevPowerFunction Quantile function

02 03 04 05 06 07 08 09

0.1

02 03 04 05 06 07 08 09

0.1

RevPowerFunction p-Hazard function

RevPowerFunction p-Probability density function

0.6

1

02 03 04 05 06 07 08 09

0.1

0

01 02 03 04 05 06 07 08 09 1

0

243



mle Reference manual: Continuous PDFs

RevPowerFunction Survival function

RevPowerFunction Probability density function
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RINGINGEXPO

Thisisthe ringing exponentia distribution at phase O degrees.

Parameters: a (location), b (scale), ¢ (shape)
Constraints: b>0,c30

Time variables: tu, te ta, tw. Anexact falure is defined when t, = t.

Range: ts a
ta - o)
PDF: f(t)= 1+2c e’ coszaa—a\/gi
b(1+c) &b
Jta N
b @ _ O _ L.
SDF: S(t):e éc+cosza&—a\/§i- \ﬁs'naé—a\@‘?ﬂ
1vcg  Eb N2z N2  €b
.2
- 0
(@+2c) cosg(a;)t;/?c -
Hazard: h(t) = — - 2 -
e - o} - oy
b§20+20()s§at)\/2_c+ +\/27(;gn§at)\/z_c_[:|
& & 2o P & b #
b(1+c+202)
Mean: +——
1+3c+2¢?
Mode: a
b? (1+7¢* +16¢° +4c*)
Variance: 5
(1+3c+2¢?)
References: Christensen (1984)
See dlso: RINGINGEXP180
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RingingExp0 Probability density function
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RINGINGEXP180

Thisisthe ringing exponential distribution at phase 180 degrees.

Parameters: a (location), b (scale), ¢ (shape)
Constraints: b>0,¢c>0

Time variables: tu, te ta, tw. Anexact failureis defined when t, = t..

Range: ts a
La - o)
PDF: f(t):zc—ﬂe b sza&_a\ﬁi
be b V25
t-a
b € - o] -
SDF: sty =2 éc+sn28&—a\ﬁz+ﬁsinaé—a\/27c9uu
c g b V2 V27 & b i
b(3+2c)
Mean: +———F
1+2c
2bardan(J2_c)
Mode: at
J2c
b2(3+4cz)
Variance: —
(1+20)
References: Christensen (1984)
See also: RINGINGEXPO
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SHIFTEXPONENTIAL

The exponentia is commonly used in reliability engineering, queuing theory and
biology. The 'memoryless property of the exponential distribution is an
important characteristic. It says, in effect, that for a survivor, future times to
failure are completely independent of the past. This form of the exponential
distribution provides for a location parameter. Also, this version uses a scale

parameter b, rather then a hazard parameter | (b=1/1).

Parameter: a (location), b (scae= ).
Congtraints: b>0

Time variables: tu, te ta, tw. Anexact fallureis defined when t, = te

Range: ts a

PDF: f(t) = exp(—t — a)/b)/b

SDF: St) = exp(—t — a)/b)

Hazard: h(t) = /b

Quantile: ty=a—-bin(1-q)

Mean: a+b

Median: a+ bln(2)

Mode: a

Variance: b

References: Christensen (1984), Evans et al. (2000), Nelson (1982)
See also: The EXPONENTIAL distribution is a 1 parameter (hazard) version

of this distribution.
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ShiftExponential Probability density function
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SHIFTGAMMA

This is the three parameter (shifted) gamma distribution, also known as the
Pearson Type Il distribution.

Parameters: a (location), b (scale, inverse of the hazard), ¢ (shape)
Constraints: b30,c¢c30

Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.

Range: ts a
%_ a.(_.jc—l tTa
PDF: f (t) _&b o
bG(c)
Gg%’t-bag
SDF: S(t) = g
t) &(0)
.c-1 t-a
et
Hazard: h(t) = ”t .
bGae, L a9
&' b g
Quantile: t, =a+2ci(2c)
Mean: a+bc
Mode: a+b(c-1), c>1
a, cfEl
Variance: b’c

Reduced models:  Reduces to a shifted exponential distribution when ¢ = 1. Reducesto
an Erlang distribution with integer parameter c. Reduces to a Chi-
squared distribution with v degrees of freedom with a = 2, b = v/2.
Reduces to a gamma distribution witha=0and b = 1/1 .

References: Christensen (1984), Elandt-Johnson and Johnson (1980), Evans et al.
(2000), Kabfleisch and Prentice (1980).
See also: SHIFTEXPONENTIAL, GAMMA, GENGAMMA, CHISQUARED
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ShiftGamma Survival function
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SHIFTLOGNORMAL

This is a three-parameter shifted lognorma distribution, which is a
reparameterization of the LOGNORMAL distribution.

Parameters: a (location), b (scale), c (shape).
Constraints: b>0,¢c>0

Time variables: tu, te ta, tw. Anexact fallureis defined when t, = te

Range: ts a
1 8 LmEad
PDF: fi)=—— et > °P° 20
(t- a)cv2p
4 P
SDF: S(t)=1-F g_lnaé_a(:)l;
& & b g

Mean: a + bexp(c’/2)

Median: a+b

Mode: a + bexp(c’/2)

Variance: b%exp(c?)[exp(c + 2)]

Notes: This distribution is related to the SHIFTLOGNORMAL distribution
as follows. The two-parameter LNNORMAL cumulative density is
found from the Normal density by taking F {[In(t) — a]/b} whereasin
the three parameter SHIFTLOGNORMAL we take F{In[(t —
a)/b]/c}.

References: Johnson et al. (1994); Nelson (1982)

See also: NORMAL, LOGNORMAL
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SHIFTWEIBULL

Thisis the three-parameter Shifted Weibull distribution.

Parameters: a (location) b (scale and characteristic life= 63rd percentile), c
(shape).
Constraints: b>0 ¢c>0

Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.

Range: ts a
-agt é m-agu
PDF: fy="B7 20 gpe 220,
b& b 5 8 &b 24
€ 4-a5U
SDF: S(t) =expé ?Tai a
e 2Q
Hazard: h(t) = ct*'b™®
M ean: a+ bG1 + lc)
Median: a+by/In(2)
Mode: '¥a+b° 1-Ye. c>1
Ta CEl
Variance: bZ{G(1+ 2/c)- [G+ ZC)]Z}

Reduced models:  Reduces to the exponentia distribution when ¢ = 1, reduces to the
Rayleigh distribution when c = 2.

References: Christensen (1983); Nelson (1982)
See also: WEIBULL
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Shiftweibull Survival function

ShiftWeibull Probability density function

s

0.5
0.45
0.35

0.3
0.25

0.2
0.15

0.1
0.05

14

12

10

8

6

14

12

10

t

ShiftwWeibull Hazard

ShiftWeibull Cumulative density function

14

12

10

14

12

10

ShiftWeibull Quantile density function

ShiftWeibull Quantile function

03 04 05 06 07 08 09

0.2

0.1

02 03 04 05 06 07 08 09

0.1

ShiftWeibull p-Hazard function

lensity function

ShiftWeibull p-Probability d

(@y-d

1

02 03 04 05 06 07 08 09

0.1

0

01 02 03 04 05 06 07 08 09 1

0

256



mle Reference manual: Continuous PDFs

SILER
This is the Siler distribution frequently used as a competing hazards model for
mortality (see Gage 1989).
Parameters: a;, by ("infant mortality" component), a, (constant), as bs (senescent
mortality component).
Constraints: 2,30, a230,a330,b;30,b320
Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.
Range: ts 0
PDF:
é u
f=(ae" +a,+ad)epe 21-e)- at+ Q- g
é h b, 0
é u
SDF: S(t) =expa 2 (1- &) at+3(1- €M)y
éh b, 0
Hazard: h(t) = a; exp(-bit) + a, + az exp(bat)

Reduced models:  a; = 0 reduces to a Gompertz-Makeham. a; = 0, a, = 0 reducesto a
Gompertz. Reduces to an exponentia in anumber of ways.

References: Wooad et al. (2001); Gage (1989)
See also: EXPONENTIAL, GOMPERTZ, MAKEHAM, MIXMAKEHAM
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Siler Survival function

Siler Probability density function
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SMALLEXTREME1

This is the type 1 smallest extreme value distribution. This is also one type of
Gumbel distribution

Parameters: a (location) and b (scale)
Constraints: b3 0

Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.

Range: ¥ <t<¥
) ét- a ad-ad
PDF: f(t)=b'expge——- exp 0
Eb &b @
\I _ a
SDF: S(t) =expj - expaé—c;ll'J
i &b g
. ét- au
Hazard: h(t) =b'expa—1
&b H
Mean: a—kb k=0.57721... is Euler's constant
Median: a—blog[log(2)]
Mode: a (63.2nd percentile)
Variance: b*p?/6
References: Evans et a. (2000), Johnson et a. (1994), Nelson (1982)
See also: LARGEEXTREME1, GUMBEL, SMALLEXTREME2, WEIBULL
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SMALLEXTREMEZ2

This is the type 2 smallest extreme value distribution, aso known as the Frechet
distribution.

Parameters: a (location), b (scale), ¢ (shape)
Constraints: b30,c30

Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.

Range: ¥ ft<a
t-ag " € @t-ag‘l
PDF: f(t) = cfée ° expe 2L-a0 4
e 2
e t-ag‘u
SDF: S(t) = expé— eel-ao o
)
&t aO -c-1)
Hazard: f(t)= Cg
Quantile: ty=a—b[-In(1-qg)]™"*
Median: a+ b[In(2)]™°
References: Evans et a. (2000), Johnson et a. (1994), Nelson (1982)
See also: LARGEEXTREMEL, SMALLEXTREME2
Bugs: This distribution does not work correctly.
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SmallExtreme2 Probability density function
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SmallExtreme2 Survival function
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SUBBOTIN

This is the Subbotin distribution, which includes a number of important
distributions as specia cases, including the uniform, Laplace, and normal
distributions. The distribution becomes discontinuous at the median when ¢ < 1.

Parameters:
Constraints:
Time variables:

Range:

PDF:

SDF:

Mean:
Median:
Mode:

Variance:

Reduced modds;

Other names:
References:
See als0;

a (location), b (scale), ¢ (shape)

b3 0,¢c>0

tu, te ta, tw. Anexact failureis defined when t, = t.
¥ <t<¥

c

1jt- a|

1 i il
f - 2l b
® b2 G1+1/C)
& 1t- a0
sgn(t - a)gg,a :
1 c2 bl
073 G
(1/¢)
a
a
a
b?2°°G(3/ c)
G(1/c)

Approaches the rectangular distribution as ¢ ® ¥, reduces to the
Laplace distribution when ¢ is 1, and reduces to the normal

distribution when cis 2.

Generalized Laplace.

Johnson et al. (1995); Christensen (1984); Subbotin (1923)

NORMAL, LAPLACE, UNIFORM
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UNIFORM or RECTANGULAR (Continuous)

The continuous uniform distribution has no parameters. However, truncation

limitst, and t,, should be specified. When truncation limits are not specified (i.e.
only one or two time variables are specified), then the standard uniform
distribution is assumed and used: t, =0 and t,, = 1.

Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.

Range: ta Et<ty
PDF: f(t) = U(ty —ta)
SDF: S(t) = by
t, -t
Hazard: h(t) = 2/(t, —t)
Mean: (tu—t) / 2
Median: (tu—t) / 2
Variance: (tw —ta)?/ 12
References: Evans et a. (2000), Nelson (1982)
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Uniform Probability density function
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VONMISES

Thisis the von Mises distribution, which is the analog of a normal distribution on
acircular range.

Parameters: a (location), b (scale)
Constraints: O<a<2p,b>0
Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.
Range: O<t<2p
exp|bcos(t- a
PDF: f (= plocostt- )
2ply(b)

tlo(b)+2a g, (b)gsin(jt- ja)gi 'y

SDF: S(t) =1- =
2pl,(b)

Mean direction: a
Median: a
Mode: a
Antimode: a

Circular variance:

References:

Bugs:

1—14(b)/14(b)
Evans et a. (2000), Rao (1973)

The quantile functions do not work properly (see graphs).
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VonMises Survival function
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WEIBULL

Thisisthe Welbull distribution.

Parameters:
Constraints:
Time variables:

Range:

PDF:

SDF:

Hazard:
Quantile:

Mean:

Median:

Mode:

Variance:

Reduced modds;

Other names:
References:
See also;

b (scale and characteristic life= 63rd percentile), ¢ (shape).
b>0 ¢c>0
tu, te ta, tw. Anexact failureis defined when t, = t.

t3 0
& o U
F(t)=ct™ b expe ?2 g
g &bayg
& o U
st =expe 22 ¢
6 &bag
h(t) = ct“'b™°
bin[1/(1—p)]*°
bG(1 + 1/c)
byin(2)
ibgl-1c, c>1
|

10, CEl

bz{G(1+ 2/c)- [G+ ZC)]Z}

Reduces to the exponential distribution when ¢ = 1, reduces to the
Rayleigh distribution when c = 2.

Frechet, generalized Rayleigh distribution, Weibull-Gnedenko.
Christensen (1983), Evans et al. (2000), Nelson (1982)
SHIFTWEIBULL
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Weibull Probability density function
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Chapter 10
Discrete probability density
functions

This chapter describes the discrete probability density functions that are defined
inmle. Discrete PDFs are defined for integer values of “time” (or t).

Notation and for mat

The following type of information istypically given:
A brief description of the PDF
The intrinsic parameters and any constraints on the intrinsic parameters
The“time” variables, and the range of non-zero probabilities.
The probability density function
The survival function
The hazard function
The quantile function.

One or more measures of central tendency (mean, median, mode) and
sometimes the variance given in terms of the intrinsic parameters.

Reduced forms of the model, other names commonly used for the PDF, and
references to related distributions and functions in How to read a data set
into mle.
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References to the primary source, or to a source that further describes the
characteristics of the distribution.

BERNOULLITRIAL

This distribution returns the probability from a single Bernoulli trial. The
distribution has single intrinsic parameter (call it p) that is the probability of
success. A single variable (call it event) is passed to the distribution and returns:

PDF pd(t,l)(l_p)d(t,o)

P, foreventt O
1-p, forevent=0

Range: t=0,1

Constraints: OEp£El

Mean: p

Variance: p(1—p)

Notes: This is a special case of the Binomial distribution with n = 1. The
PDF is p for event = 1, and (1) for event = O.Left- and right-
truncation is not available. Covariate effects can be modeled on
parameter p, but not on the hazard.

Example: fairness of a coins can be determined from tossing experiments as:

MODEL

DATA

PDF BERNOULLI TRIAL( is_heads )

PARAM p LOW= -999 HIGH =999 START = 0 FORM = LOG STIC
COVAR mint PARAMb_nmint LOW= -5 HGH=5 START = 0 END
COVAR year PARAM b_year LOW= -5 HGH =5 START = 0 END
END { param p}
END { pdf}
END { dat a}
END {rmodel }
See also: BINOMIAL
Reference: Bernoulli (1713)
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BINOMIAL

Thisis the binomial distribution with two parameters. The distribution describes
the number of successes in n independent Bernoulli trails, where each tria has
probability of success p.

Parameters:
Constraints:
Time variables:

Range:

PDF:

SDF:

Mean:
Mode:
Variance:

References:

Reduced mode!:

See als0;

p (proportion), n (count of Bernoulli trials).
OE£p£1 0<n<¥, nisaninteger.
tu, te ta, tw. Anexact failureis defined when t, = t.

t3 0, tisaninteger.

f(t) = g‘gp (1- p)"*

é a0 ; n-i
S=1-a ¢, %a-p
iz1el g
=B, (t+1n-1)

np

p(n+1)

np(1 - p)

Bernoulli (1713); Rao (1973)

Reduces to aBERNOULLITRIAL withn=1
BERNOULLITRIAL, BETA
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GEOMETRIC

This is the discrete geometric distribution,. The distribution describes the times
up to and including the first success in a sequence of Bernoulli trials. The
geometric distribution is the discrete analogue of the negative exponential

distribution.
Parameters: p (probability)
Constraints: OEp£El
Time variables: tu, te ta, tw. An exact failure is defined when t, = te.
Range: t3 1,tisaninteger
PDF: fity=p(1l—p)'~*
SDF: Sty =(1-p)
Mean: 1/p
Mode: 1
Variance: (1-p)p®
Other names: Furry
References: Evans et al. (2000)
See aso: BERNOULLITRIAL, EXPONENTIAL, NEGBINOMIAL,

HYPERGEOMETRIC
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HYPERGEOMETRIC

This is the hypergeometric distribution.

Parameters: p (probability), m, n
Constraints: t3 0, m—n+npEtEmnimnp),0EPE£L, LEmMEn npisan
integer.
Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.
Range: integer t3 O
anp oad - NPo
t Em-t
PDF: f () :&uﬂ
aANno
Emg
anp oad - NPo
0 o M- g
SDE: S(t) = é &uﬂ
i=0 aano
Emg
Mean: mp
np+1)(m+1
Mode: M
n+2
+1)(n- m
Variance: rrp( P )( )
n-1
References: Laplace (1774)
See also: GEOMETRIC
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LOGSERIES

This is the logarithmic series distribution. This distribution can be derived from
both a power series distribution and a negative binomial distribution.

Parameters: p (probability)
Constraints: OEp£El
Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.
Range: integert3 1
t
PDF: fy=-—P
tin(1- p)
t t
SDF: sty=1+—— 8§ »
In(l- p) ja t
Mean: - —p
In@- p)1- p)
Mode: 1
n -
Variance: - (1- p) f’
In- p)1- p)
References: Christensen (1984), Evans et a. (2000), Fisher (1943)
See also: POWERSERIES, NEGBINOMIAL
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NEGBINOMIAL

This is the negative binomia distribution, also known as the Pascal distribution
when t isan integer.

Parameters:
Constraints:
Time variables:

Range:

PDF:

SDF:
Mean:
Mode:
Variance:

Reduced modds;

References:
See als0;

p (probability), n (count).
OE£pELlLNn>0

tu, te ta, tw. Anexact failureis defined when t, = t..

t3 0
-16 L .
f(t)= g L P "(1- p)' (this is wrong-need continuous
o}
version)
St) = by(n, t +1)
n(1-p)/p
Floor[p(n —1)/(1 —p)]
n(1-p)/p?

Reduces to a Pascal distribution when t is an integer. Reduces to the
geometric distribution when n = 1.

Christensen (1984), Evans et al. (2000)
GEOMETRIC, POWERSERIES, BINOMIAL

279



mle Reference manual: Discrete PDFs

NEGHYPERGEOMETRIC

This is the negative hypergeometric distribution. It is a special case of the beta-
binomial distribution. The distribution describes the number of draws without
replacement from an urn initialy filled with n balls, fraction p that are marked,
until m marked balls are drawn.

Parameters:
Constraints:
Time variables:

Range:

PDF:

Mean:
Mode:
Variance:
References:
See also:

p (probability), m (count), n (count).
O<p£1,0<m<np n>0, npisaninteger.
tu, te ta, tw. Anexact failureis defined when t, = t.
MEtEm+n—np
aenp oca®- Npo
f(t) = gm- 158t m ;np- m+1
&en o n-t+1
&- 15
m(n + 1)/(np + 1)
nm-1)/(np-1) +1
mn(n + 1)(1—p)(np + 1 —m)/[(np + 2)*(np + 1)]
Johnson and Kotz (1969); Christensen (1984).
HYPERGEOMETRIC
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PASCAL

This is the Pascal distribution, which is the discrete version of the negative
binomia distribution.

Parameters:
Constraints:

Time variables:

p (probability), n (count).
OE£p£1lintegern> 0

tu, te ta, tw. Anexact failureis defined when t, = t.

Range: integer t3 O
PDF: f(t) = 8 19p (1- p)
7]
SDF: St) =by(n, t +1)
Mean: n(1-p)/p
Mode: Floor[p(n — 1)/(1 —p)]
Variance: n(1-p)/p®
Reduced models:  Reduces to the geometric distribution when n = 1.
References: Christensen (1984), Evans et al. (2000)
See also: NEGBINOMIAL, GEOMETRIC, POWERSERIES, BINOMIAL
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POISSON

Thisis the discrete Poisson distribution.

Parameters: | (hazard)
Constraints: I >0

Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.

Range: integer t3 O
to |
PDF: F(t) = 5
G(t+1,l
SDF: S(t) = —( )
G(t+1)
Mean: I
Mode: Floor(l )
Variance: I
References: Christensen (1984), Evans et al. (2000)
See also: POWERSERIES
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POLYAEGGENBERGER

Thisisthe Polya-Eggenberger distribution. It isatype of contagious distribution.
The distribution describes the number of times a marked ball is drawn from an
urn in the following experiment. Initially fraction p of the minitial balls are
marked. One ball is drawn, and if it is marked, the ball is replaced with m’ ¢
additional balls. The procedure is repeated atotal of ntimes.

Parameters: p (probability), n (count), c (shape).
Constraints: O£p£Lndlc>-(n-1)*
Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.
Range: Of£tEn
. et 1
O (p+a)O - p+d)

PDF: fr) =220 =

O (t+qj)

j=0
Mean: np
Mode: (n+1)(p—-0c)/(1-20)
Variance: np(1 —p)(1 + nc)/(1 + c)
References: Johnson and Kotz (1969); Christensen (1984).
See also: HYPERGEOMETRIC, BINOMIAL
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STERILE or IMMUNE

This distribution is used to form degenerate distributions of the forms f(t) = (1 —
p)fi(t) and St) = (1 — p)Si(t) + p. Thisis done by using the M X function with
STERILE and specifying a mixture of f,(t) and the STERILE distribution. Given
faillure times t, and t. and, perhaps, the left truncation limits t, and t,, this
distribution returns:

0 if an exact failure or an interva censored failure occurs; t. < t,
1if aright censored observation occurs: te 3 ty

In words, the distribution returns O if there is no possibility that the observation
may have been "sterile” (because some failure was observed), and returns 1 if
there is a possibility that the observation was a "sterile" observation (right
censored observation). This distribution has no intrinsic parameters, and
covariates cannot be modeled on the hazard function of this distribution.

Example. Suppose individuals fail with an underlying normal distribution, but
the population is contaminated by an unknown fraction, p, of non-susceptible
individuals. The mle code is:

MODEL
DATA
M X(
PARAM p LOMO HI GH=1 FORMENUMBER END
" PDF NORMAL( last_alive first_dead )
PARAM nu LOAE100 HI GH=200 START=150 END
PARAM sigma  LOMO.1 HI GH=20 START=10 END
END { pdf}
PDF STERILE( last_alive first_dead ) END
)
END { dat a}
END {rmodel }
Cdl L, the likelihood from the normal PDF. Then, the likelihood for an exact
failure or interval censored failure will be pL,. For right censored observations,
the likelihood will be pL,, + (1-p).
References: Holman (1995, 1998), Nelson (1982)
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THOMAS

This is the Thomas distribution, which was originally used describes the
abundance of plant species in a quadrat (square lattice) based on the notion that
some plants tend to cluster. The process is developed from a Poisson distribution
of clusters distributed in space and for each of those clusters a poisson
distribution for the number of subpoints within the cluster (see Thomas 1949).
The distribution describes the probability of finding O plants, 1 plant, 2 plants, . .

. in arandomly selected quadrat.
Parameters: a,b
Constraints: a>0,b>0

Time variables: tu, te ta, tw. AN exact failureis defined when t, = t.

Range: O<t<¥

t i ib g s\t
PDF: fit)=e?q m

i (- 1)

¢ € & ae®(jpu
SDF: S(t) =1- ae‘a———u

ko e INk-DI§
Mean: a(l+h)
Variance: a(1+3b+b?)
Other names: double Poisson.
References: Thomas (1949); Christensen (1984)
See also: POISSON
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ZIPF

This is the zipf distribution. This distribution has been used to describe word
frequency distributions, species abundances, and many other natural phenomena.

Parameters: a
Constraints: a>0

Time variables: tu, te ta, tw. Anexact failureis defined when t, = t.

Range: integert3 1
t (a-1)
PDF: f(t)=
z(a+ld

ct' - (a+l)

a |
SDF: f(t)=1- 22—

z(a+l
Mean: z(@)/z(a+ 1)
Mode: 1
Variance: z(a—1)z(a+ 1) —z(a)¥z(a+ 1)
Other names: Zeta distribution, Zipf-Estoup law, discrete Pareto distribution..
References: Christensen (1984), Zipf (1949), Johnson and Kotz (1969)
See also: PARETO, LOGSERIES, function ZETA
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Chapter 11

Mathematical symbols and

functions

T ST O T 9 3

f(t)

F()

SO

h(t)

Denotes a random variable, whether continuous or discrete.
An instance of random variable T.
A parameter that defines a correlation coefficient.

A scale parameter that defines the standard deviation of the
distribution.

A location parameter that also defines the mean of the distribution.
A location parameter

A scale parameter

A shape parameter

A parameter that is directly interpretable as a hazard.

A parameter that is directly interpretable as a probability.

The qgth quantile: [1-S(ty)] = q.

The probability density function (PDF): f(t) = df(t)/dt.

t
The cumulative distribution function (CDF): F(t) = of (x)dx.
0

t ¥

The survival distribution (SDF): S(t) =1- Of (X)dx = Of (x)dx.
0 t

109

The hazard function: h(t) = .
S(t)
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d[g(x)] . __ .
d— The first derivative of the function g(x)
X
Constants
Pl, Thevalue pi » 3.141 592 653 589 793 238 462 643
E, The base of the natural log » 2.718 281 828 459 045 235 360 287
g EULERSC, Euler's constant » 0.577 215 664 901 532 860 606 512

Function Definitions

co(x) The Chi-squared q quantile: Prgc® £c¢:(X)f=1
F4(X) The standard normal g quantile: Pr(x £ F ) = g
F(X The  standard normal cumulative  density  function:
X U
F(x)= T g 2du.
erf(x) The error function, ERF(X): erf (X) = \/_ 03 “du = 2F (X\/_ )
1(X) The modified Bessel function of the 1% kind, order k, BESSELI(k, x):

X< & (l XZ)j
L) = e
2T 16+ j+k) |
l™(n, w) Inverse beta function.
K«(X) The modified Bessel function of the 2™ kind, order k, BESSELK (K,
X):
L () - 1,(X)
K, (X) =p———>k=—=,
2sin(ip)
B(n, w) The beta function BETAF(n,
1
w): B(n,w) = ()" (1- )" dx = GEn)ew)
0 Gn+w)
Bo(n, W) The normalized incomplete beta function, IBETA(N, w):

p

O @- )" tdx
B,(n,w) =2

B(n,w)
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The complement of the normalized beta function (IBETAC): by(n,
w) =1 -By(n, w).

¥
The gamma function (GAMMAR): G(n) = o)™ "€ *dXx.
0
The incomplete gamma function of the 1% kind:
g(n,w) = )" ‘e *dx..
0

The IGAMMA(X, y) function returns g(n, w)/G(n)

The incomplete gamma function of the 2"
¥

kind: G(n,w) = ()< *dx..

The IGAMMAC(x, y) function returns G(n, w)/Gn) = 1 — g(n,
w)/G(n)

dil
The digamma function. y (X) :M.
X
d d?[l
The trigamma function. y §x) = [y (X)] = [ nCZB(X)] .
dx dx

The natural (Napierian) log of x. LN(x) and LOG(X)

i1, X=

Kronecker's delta function: d(x,y) ={ y. DELTA(X,
10, xty

y)-
ano !

Combinationsof ntaken k at atime=  ~= n . COMB(n, k)
&g (n-1)!
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The Greek Alphabet

A a alpha | i iota R rho
B b beta K k kappa S sigma
G g gamma L | lambda T tau
D d delta M m mu U upsilon
E e epsilon N n nu F phi
Z z zeta X X Xi C chi
H h eta 0 o omikron Y ps
Q q theta P p pi W omega
Metric Prefixes

10 deka (da) 10" deci (d)

10° hecto (h) 10° centi (c)

10° kilo (k) 10° milli (m)

10° mega (M) 10° micro (1)

10° giga(G) 10° nano (n)

10% tera (T) 10 pico (p)

10" peta (P) 0% femto (f)

108 exa (E) 1018 atto (a)

10% zetta (2) 10 zepto (2)

10* yetta (Y) 10 yocto (y)

| nter national Electrotechnical Commission Prefixes for

Binary Multiples

20 kibi (Ki)
2% mebi (Mi)
2% gibi (Gi)
2% tebi (Ti)
2% pebi (Pi)
2% exbi (Ei)
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Selected Systéme I nternational d'Unités

quantity symbol  name derivation other units

absorbed dose Gy gray Jkg 1lrad =0.01 Gy

acceleration m/s

activity (radionuclide) Bq becquerel st 1 curie (Ci) =3.7 10" Bq

amount of substance mol mole base unit

angular acceleration rad/s’

angular velocity rad/s

area square meter m?

capacitance (electrical) F farad A sV

charge (electrical) C coulomb As 1 electrostatic units (esu) = 3 10° C; 1 Franklin (Fr) =
3.335641° 10™°C

conductance (electrical) S siemens ANV 1mho=1S

density kg/m®

dose equivalent Sv sievert Jkg 1rem=0.01Sv

electric current A ampere base unit 1 biot (Bi) =10 A; 1 gilbert (Gi) = 0.7957747 A

energy, work, quantity of heat J joule N m 1 calorie (cal) = 4.184 J; 1 erg = 107 J; 1 British thermal unit
(BTU) = 1055.87 J; 1 foot-pound (ft-Ib) = 1.35582 J; 1
electronvolt (eV) = 1.602177° 10™ J;

field strength (electrical) V/m

field strength (magnetic) A/m 1 oersted (Oe) = 4™ 10° A/m

force N newton kg m/s 1dyne (dyn) = 10°N

frequency Hz hertz st 1 cycle per second (cps) = 1 Hz

illuminance Ix lux Im/nm? 1 footcandle = 1.076391 Ix

inductance H herny V dA

length m meter base unit 1 astronomical unit (AU) = 1.495979" 10™; 1 light year (l.y.)
=9.46073" 10" m; 1 angstrom (A) = 10° M

luminous intensity cd candela base unit

luminance cd/m? 1 lambert = 3.183099 cd/n??

luminous flux Im lumen cdsr

magnetic flux Wb weber Vis 1 maxwell (Mx) = 108 Wb

magnetic flux density T tesa Wh/m? 1gauss(Gs) =10*T

magnetomotive force A ampre

mass kg kilogram base unit 1 metric ton = 10° kg; 1 metric carat = 2 10* kg

mass density kg/m®

plane angle rad radian m/m degree (°); minute (*); second (*); 1 grad (gon) =
1.570796" 107 rad

power W watt Js 1 horsepower (hp) = 745.7 W

pressure Pa pascal N/m? atmosphere, atm = 1.01325" 10° N/m?; 1 bar = 10° N/m? 1 psi
=6.894757 10° Pa; 1 Torr = 133.3224 Pa

resistance (electrical) W ohm VIA

solid angle s steradian m?/m? degree (°); minute (*); second (")

specific volume mi/kg

temperature kelvin base unit degree Celsius °C, degree Fahrenheit °F

time S second base unit day (d); hour (h); minute (min); 1 shake=1ns

velocity, speed m/s

voltage, electromotive force, V volt W/A

electrical potential

volume cubic meter m® 1liter (L) =10°m?
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Angles
" ' g radians grads (gons)
" 1 0.0166667  0.000277778  0.0159155 0.0176839
' 60 1 0.0166667 0.954930 1.06103
< 3600 60 1 57.2958 63.6620
radians 62.8319 1.04720 0.0174533 1 111111
grads (gons) 56.5487 0.942478 0.0157080 0.9 1
Time
second minute hour day week year
second 1 0.0166667 0.000277778  1.15741E-05 1.65344E-06 3.17969E-08
minute 60 1 0.0166667 0.000694444 9.92063E-05 1.90781E-06
hour 3600 60 1 0.0416667  0.00595238 0.000114469
day 86400 1440 24 1 0.142857  0.00274725
week 604800 10080 168 7 1 0.0192308
year 31449600 524160 8736 364 52 1
Temperature Conversions
a°C (Celsius) b K (Kelvin) c °F (Fahrenheit)  d °R (Rankinge)
a°C a a=b-273.15 a=(c-32)/18 a=d18-27315
bK b=a+273.15 b b = (c + 459.67)/1.8 b=d18
c°F c=18a+32 c=1.80b—459.67 c c= d-459.67
d°R d= 1.8a+ 491.67 d=1.8b d =c + 459.67 d
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Chapter 12
Error and warning messages

A number of error and warning messages are produced by mle. This chapter describes the most
common error and warning messages. Messages are categorized in broad categories

Help messages and other messages that occur in response to improper command line
options.

Warning messages are given for models, parameters and other iterative functions that might
not completely converge.

Error messages cause mle to stop running. They can be roughly subcategorized as coming
from the following sources:

run-time routines

Parsing routines

Data routines.

Mathematical library

Symbol table routines

U U U U U

Messages from Command Line Options

The following message is printed when command line options are not recognized and at least one of the
optionsistaken asan input file. For example, typing m e xxx yields:
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Error: Couldn't find programfile xxx

Usage: me -v -p -i -1 <path> -rr -rw -t -d<X> nlefile args
-V Iteration histories and other nessages are witten to the screen
-p Only parses the nme file

- Runs me interactively
-1 <path> Searches path for |INCLUDE files

-Sr Read START values fromrestart files <name><m#>. <r #>
-sw Wites START values to restart files <name><m#>. <r#>
-t Term nate nodel when file <nane>. TRM exi sts

- d<X> Debuggi ng: x execution, e echo, i integration

I likelihood, p parser, s synbol table
mefile is the nane of the programfile
args are optional argunents to the program

Usage: me -h [namel name2 . ]
hel p for PDFs, functions, synbols, paraneter transforns
-h matches words exactly, -H searches w thin words

Usage: me -pn nl n2 . . . .
parses n's and returns values and type

Q-

File <name> does not exist. Try again.

Typing m e on the command line will result in the message

|n1e Programfile to run?

Should you type a file name that does not exist, the following message appears:

File asd does not exist. Try again.
me Programfile to run?

Ensure the proper directory and file extension is being used. Note that mle does not
automatically append . i e to the input file.

Warning M essages
Warning messages come from routines that iteratively attempt to find a solution of parameters or other
functions. Warning messages will not result in termination of the mle run.
a Warning FINDMIN reached maximum iterations
a Warning FINDZERO reached maximum iterations
The FINDMIN or FINDZERO function was not evaluated to the specified tolerance in the
specified number of iterations. You can increase the number of iterations to the function (one

way is by increasing the value of FIND_MAXITS) or decrease the convergence criterion (one
way is by decreasing the value of FIND_EPS).

Q-

Warning: gamma SDF (by continued fractions) did not completely converge
a Warning: gamma SDF (by series) did not completely converge

These two messages suggest that some evaluation of the Euler's incomplete gamma function was
not very precise.

a Warning: beta CDF did not converge
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This message suggests that some evaluation of the incomplete Beta function was not very precise.
a Warning: Upper [Lower] Interval for paramx did not converge to x.xxx in yyyy iterations

This message arises when mle has troubles finding the upper or lower limit of a likelihood
confidence interval. The number of iterations should be increased (set CI_MAXITS to a higher
value), or the convergence criterion should be relaxed (set CI_CONVERGE to alarger value).

a Warning: Upper [Lower] Interval for param x not bound between xxx and yyy.

This message arises when a confidence interval is larger then the upper and lower limits of the
parameter. The H GH or Lowlimits for the parameter should be changed so that the confidence
limit is within the limits of the parameters.

a Warning: the matrix is singular

This message indicates that the variance-covariance matrix could not be computed because the
observed Fisher’'s information matrix was singular. This occurs when one or more parameters
have very large standard errors, or changes in the parameter do not affect the likelihood. Some
suggestions are: reduce the number of parameters, ensure all parameters affect the likelihood,
solve the likelihood to a higher precision, transform one or more parameters so that the parameter
estimate is not near a mathematical limit. This last situation occurs, for example, when a
probability is modeled untransformed (between 0 and 1) and the parameter estimate is near O or 1.
Using alogistic specification for the parameter will sometimes fix the problem.

Run-timeErrors

a Error (runtime): <name> can't be called with subscripts

a Error (runtime): Missing subscript, dimension <n> for <name>

a Error (runtime): Subscript out of range for <name>. Found <n>. Valid rangeis[<nl> to <n2>]
a Error (runtime): Calling boolean func <name> + with <type> args

a Error (runtime): assigning a STRING with length <> 1 to a CHAR

a Error (runtime): CHAR function got a string of length <> 1

a Error (runtime): Can't assign a file type variable

a Error (runtime): Bad <type> identifier type found

a Error (runtime): calling ROUND(<r>): out of range of integer

a Error (runtime): Tried assigning null string to char var <name>

A null string (i.e. a string of length zero specified by
variable.

) cannot be assigned to a character
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Error (run time): Unimplemented or unknown METHOD: <name>)
The requested maximization method (set by METHOD=<name>) is not recognized.
Error (run time): Unimplemented integration method: <name>
The requested integration method (set by INTEGRATE_METHOD=<name>) is not recognized.
Error (runtime): Bad string in STRING2REAL
A string argument to the STRING2REAL function could not be converted into areal number.
Error (runtime): Bad string in STRING2INT
A string argument to the STRING2INT function could not be converted into an integer.
Error (runtime): Bad real ident. <name> istype <type>
Error (run time): Bad integer identifier type found
An argument to an integer function was not an integer.
Error (run time): Bad string identifier type found
An argument to a string function was not a string or character.
Error (run time): Calling boolean func <name> with [real, integer, string/char, boolean] args
Error (run time): Type mismatch for arg n calling func <name>

The type (integer, real, boolean, string, character) for argument n of function <name> was
incorrect.

Error (runtime): Opening [INFILE, DATAFILE, MLERC] file xxxx: <message>

An error occurred while opening afile. The <message> can be one of the following:

File was not found — a bad file name was specified

Path was not found — a bad path name was specified

Too many open files— more files were opened than are allowed by the operating system

File access denied — the user does not have permission to access the file (unix) or the fileislocked (DOS)

Invalid file reference — the file name is not valid

Not enough memory — memory was unavailable for some operation

Invalid environment — an environment variable is bad

Invalid drive letter — an invalid drive letter was specified

Can't remove current directory — an remove-directory operation failed. The directory hasfilesin it or is protected.
Can't rename files across drives — tried to rename afile acrosslogical or physical disk drives

Disk read error — an error occured reading adisk. Thisisusually a hardware problem.
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Disk write error — an error occured trying to writeto adisk. Thisis usually a hardware problem.

Disk iswrite-protected — an error occured trying to write to a write-protected disk.

Unknown device — a device name was not recognized.

Disk driveis not ready

Disk seek or sector error — an error occured trying to read or write adisk. Thisis usually a hardware problem.
Unknown media— a bad disk was put into a disk drive or a hardware error occured.

The printer is out of paper — A printer device ran out of paper.

Error trying to write to the output device

Error trying to read an input device

A hardware failure occurred

Errorsfrom the Parser

Error messages from the parser always contain information on the line and column where the
error occurred.

a Error found while parsing <id> at line <line#> column < column#>
Expected a positive constant instead of "<text>"

A positive constant is expected in the FIELD and LINE specifications of the DATA statement.
a Boolean expression was expected

A boolean expression was expected but not found. For example, as the first expression in the
IF..THEN...ELSE...END function must be a boolean expression.

a "<name>" must be previously declared for use here
A variable used in an expression had not been previously declared. All variables must be
declared, either as a predeclared variable, in a PARAM function, in the DATA statement, or in an
ASSIGN statement before being used in an expression.

a "<name>" exists and cannot be declared as a PARAM
An attempt was made to declare <name> as a parameter, but it was previously declared.

a <name> doesn't exists, so it can't be reduced.
The parameter <name> found in a REDUCE statement does not exist.

a Bad argument type to [function] <func>. Expected <type> but found <type>
An argument to the named function is not correct.

a <variable> already exists. It cannot be a DATA variable.

A variable defined in the DATA statement already exists.
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Bad type in assign statement

The resulting type on the right-hand side of the assignment is incompatible with the left-hand
Side.

Can't assign value of type <type> to variable of type <type>.
The two types are incompatible.
Bad number format found while scanning "<text>"

The text was supposed to be converted into a number, but could not be properly converted.
Usually thereis an invalid character in the sequence of digits/letters that form the number.

Character constant istoo long

A character constant had more than one character in it. Usualy this is because a single quote (')
was inadvertently used instead of double quotes (") to denote a string constant.

Unclosed comment at end of file
This results when a comment is not properly closed.
<name> isnot an array and cannot be subscripted
Non-integer subscripts found for variable <name>
Wrong number of dimensions assigning <name> an array/variable function. Expected <n1> found <n2>.

Wrong number of dimensions assigning <namel> passed as a VAR parameter to <name2>. Expected <nl1>
found <n2>.

Bad subscripts assigning <name> an array/variable function. Dimension <n>. <name> range: <nl1> to
<n2>. Found: <n3> to <n4>.

Bad subscripts assigning <name> passed as a VAR parameter to <name2>. Dimension <n>. <name>
range: <nl> to<n2>. Found: <n3> to <n4>.

Subscript out of range. Found <nl1>. Valid rangeis<n2> to <n3>.

Cannot assign an array variable/function to scalar <name>.

Can't assign to constant <name>.

Arg passed to VAR parameter <name> isthe wrong type. It must be <type>.
Arg passed to VAR parameter <name> is a constant.

Incompatable arg (type <type>).

Incorrect number of dimensionsin DATAARRAY. Found <nl> expected <n2>.
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a Subscripted variable <name> does not exist.
a FILE arguments must be VAR parameters

A subscript was either higher than the highest declared value or lower than the lowest declared
value.

a Wrong number of arguments passed to <function>: <nl1> expected, <n2> found.
The wrong number of arguments were passed to the simple function specified.
a Error: bad syntax at: line <line#> column <column#>
The bad token is:<id>

One of the following was expected:

This error occurs when improper syntax is found.

Error Messages from Data Routines

a Error (data): Data transformation, bad function type
The function defined for a data transformation does not return areal or integer type.
a Error (data): Unexpected end of file <name> reading observation <n> line <n> of <n>, field <n> of <n>
The file ended when an observation was only partially read.
a Error (data): Unexpected end of line <name> reading observation <n> line <n> of <n>, field <n> of <n>
The line ended when an observation was only partially read.
a Badvalue<nl> line<n2> field <n3>. Can't convert: <text> to a number.
The value for observation n1, on line n2 in field N3 couldn't be properly converted to a number.
a Error (data): No data file assigned. Use DATAFILE procedure

The data file was not assigned using DATAFILE procedure. Place the statement
DATAFI LE( " <name>") before the DATA statement.

a Can't have <nl> observations per line. Maxis<n2>
Too many lines per observation was specified in aLI NES_PER OBS = <nl1> statement.
a Can'treadin<nl> fields. Maxis<n2>

Too many fields were specified for the FI ELD <n1> part of a DATA statement.
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Error Messages from Function Calls:

A number of errors arise from improper values being passed to function calls. Frequently the
remedies are to place proper constraints on parameter values, clean the input data, transform data,
or add a small positive number to all failure times. The following messages arise from these
difficulties

a Error (math): Attempted division by zero

a Error (math): Attempted to take the square root of a negative number: <-nnnn>

a Error (math): Bad BIVNORMAL param rho. Expected:-1<=r<=1 but = <nnn>

a Error (math): Bad <name> should be > 0 and < 1 but = <nnn>

a Error (math): Bad <name> should be >=1 but = <nnn>

a Error (math): Bad <name> should be >= 0 but = <nnn>

a Error (math): Bad <name> should be > 0 but = <nnn>

a Error (math): Bad <name> cannot be =0 but is

a Error (math): Bad <name> should be > -1 and < 1 but = <nnn>

a Error (math): Bad <name> should be >= -1 and <= 1 but = <nnn>

a Error (math): Attempted log of negative number: <nnn>

a Error (math): Bad Logit(<nnn>)

a Error (math): Bad arg to: POWER(<nnn>, <nnn>)

a Error (math): Integer overflow in FACT

a Error (math): Integer overflow in COMBINATION

a Error (math): Integer overflow in PERMUTE

a Error (math): IBETA: argisnot0<=t<=1, = <nnn>

a Error (math): Bad random seed: <nnn>

Error Messages from Symbol Table Routines

a Error (symtable): Wrong type: can't assign <name> (<type>) to <name> (<type>).

An attempt was made to assign incompatible variables.
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a Error (symtable): Variable of type <type> istoo large

There was not enough memory to allocate a variable.
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